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REGULARITY AND NUMERICAL SOLUTION
FOR THE EXACT CONTROL

Mauro Antonio Rincon'

ABSTRACT. In this paper we study a Numerical Method based on Finite Difference to the
Boundary Exact Controllability proB]em for the Wave Equation. We consider the one-
dimensional problem. A regularity result is proven in order to allow us to use the Finite
Difference Method. Numerical results are shown and compared to the exact solution of some
particular problems, computed by the Fourier Serie.

Keywords: Wave Equation, Exact Controllability Problem, Fini}e Difference and Fourier

Serie.

1. INTRODUCTION
The main goal of this paper is to develop a Numerical Method, using the technique of
Finite difference in order to get approximate solution to the Exact Controllability
Problem on the Boundary of the Wave Equation, considering the one-dimensional case.
The numerical method described here consist in a combination of the implicit finite
difference schemes, applied to the Wave Equation twice. The theory of the Exact
Controllability has been introduced by J. L. Lions [2] and studied by several authors, as
in [6], [7], [10]. In [3], a Numerical Method was developed for the same problem with
€2 being a bounded domain of IR". In this case the solution is not continuous at the
boundary, since it is devided in two parts. In the one-dimensional case we prove that the
solution is continuous and has sufficient regularity for the application of the Finite
Difference method. In order to compare the results, we study a problem of exact control
in which the boundary values as well as the exact solution obtained by the Fourier
Method ‘are known. At the end of this paper, we show the graphs and tables for

comparison.
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FORMULATION OF THE EXACT CONTROL PROBLEM
We consider the following problem:

Determine y = y(x,1), that satisfies

Yu =Y =0 in 10,L[x]0,T[
y(x,0) = yo(x); ¥'(x,0) = y,(x) in JO,L[ (1)
y(0,8) = v(t); y(L,t) = w(t) in 10,T[

where v and w are functions which define the transversal motion on the boundary x =0
and x=L respectively and are not known from the begining. Our problem is to
determine the conditions for v and w such that at the end of a time T >0 (least possible)
the equilibrium condition is true:

Wx, TD=y1{xT) =0 Vxe Q. (2)

Description of the Hilbert Uniqueness Method - (HUM):
Consider {90,6'}6 F and 6(x,t) as the solution of the problem:

6,-6. =0 in 10,L[x]0,T[
0(x,0) =0°(x); 9’(x,0)=9‘(x) in ]0,L[ (3)
0(0,1)=60(L,1)=0 in ]10,T[.

We define the retrograde problem, given by:

v,-v,.=0 in JO,L[X]0,T[
v(xT)=y (x,T)=0 in ]0O,L[ “4)
v(0,1) =-6.(0,2), y(L,t)=6_(L,¢t) .

Consider the operator A, defined by:

4$°.6"}= (0~ (x0)} )

where {B”,B'}e F . The fundamental result, to solve problem, is given by:
Lemma 2.1.- Let F = H(0,L)xL*(0,L). For T > % the operator A is an isomorphism

between the spaces F and F'= H ™ (0,LYyx L*(0,L).

For a proof of the Lemma, see [2] and [10]. From Lemma, it follows that it is sufficient to
have {y’'(%,0),~w(x,0)}e F’. Taking the controls v(f)=-6_(0,t) and w(t)=8 (L.t),
then y(x,t) and y(x,t) are weak solutions for the same no homogeneous problem. As
the problem has unique solution, follows that y(x,t) =y(x,t). Therefore we conclude

that y(x,7) satisfies: y(x,7T) = y'(x,T) =0. We have then the theorem:



Theorem 2.1.- For all pair of the initial data {yo,y] }e L*(0,L)yxH™(0,L) and T > %

there are controls v and w in the L*(0,L) such that the solution y= y(x,1) of the
problem (1), satisfies the condition (2). Therefore y = y(x,t) has a regularity:

ye c°(0,7; 120, L))NC 0.7:H7(0,L)) . 6)
The Hilbert Uniqueness Method and the thecniques multiplicatily allow us to obtain more

regularity on the solution, as shown on the following theorem:

Theorem 2.2.- For all pair of the initial values {yo, y' }e H(l) (0,L)xL*(0,L) and T > %,

there are controls v and w in H(0,T) such that the solution y = y(x,t) of the problem
(1), satisfies the equilibrium condition (2).
Proof: We consider F’=H,(0,L)xL*(0,L) and {30,91}6 L*(0,L)yxH ™ (0,L). We

-

define
1
o= 0(x,ndr+x (7

where y e H,(0,L) and satisfies y  =6'e H(0,L). Integrating the equation (3) on ¢,

we have
0,(x,1)—6,(x,0) — J:Qn.(x,t)dr = (8)

From (7) we have that
@, (x,1) =0,(x,1) 9)

and

o) = [0, (ndi+ 7, . (10)

Substituting (9) and (10) in (8), we obtain
(pli‘ - qon: + x‘u _9] - 0

Then the function ¢@(x,t) satisfies;
Pe =1, = 0
Px,0) =y, @, (x,1t)=86°
o(x,0) =@(L,1) =0

(11)
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From the Theorem 2.1, we conclude that exist {gf)o,g{)1 }: {'{,60}6 H,(0,L)x L*(0,L) that
satisfies the controllability of the problem (1). Consider G, the space defined by
G={(0.0.0,0,(L.0):0x0,0,(x0 C; O, 1)}, (12)
where @(x,t) is the solution of the problem (11). We can define in G the following
quadratic form:
[ 0.0.0,0,L0M; =100 [, +10.50) [}, - (13)
By the unicity of the solution ¢(x,¢) of the problem (11), we conclude that ” . HG

is a norm. Let G the completed of the G with respect to the norm |-|.. Then G is a

7 ’

Hilbert space. Define by I the usual isomorphism 7:G — G , where G is the dual space

of G . Then for (v,w)e G we have

[v,w)y={[v,I,w}e G . -
Caracterization of the space G : '

Consider the retrograde problem

Ve Vi =0
w(xT)=y,(xT)=0 (14)
w(0,0=1,%°6'} wn=1,%°0'} .

and the problem (3) with the initial values
be.o'le 20.L)xH(0,L) .
Consider the isomorphism between the spaces L*(0,L)xH ~'(0,L) and
H!(0,L)xI(0,L), defined by L : {p°,0' }— {y.6°}.
If we apply the isomorphism on ¢(x,t), we obtain:
0. (0,0, @ (Lnel*0,T).
On ther other hand the application

D H (O, L% L0, L)~ IHG,E)x LF 0. L),
| " | B | L
defined by D{x,@ }: {~.0,0),0 (L)} is surjective. Taking T > £ we concluded that

the application D is a isomorphism, since

| 0,(0,0),¢.(L,1)| isanormin L*(0,T).



From (7) we have that
0.0,)=¢,0,5) and 6 .(L1)=¢,(L1).

As the application

i:Lz(o,T) — H7(0,7)
dt

is also a isomorphism, we conclude that the composition

—C%cDoL LP(0,LYyxH™'(0,L) —» H™'(0,T)x H ™' (0,T),

defined by (d/dt)o Do10°,0'}={-6,(0,1),0, (L.1)} is a bijective application. From
(13) we also conclude that it is an application from L*(0,L)xH ' (0,L) in G. This

means that when {90,9'}6 L*(0,L)x H™'(0,L), the normal derivate of the solution of

problem (3), given by
£6.0,0.0,(Ln}eG.

'

Then,
G=H"'(0,T)xH™'(0,T) and G : H (0,T)x H)(0,T).
Consider now the retrograde problem (14). As
(Afe.6' 10 h=1{-6.0.0.6, L0}
is a norm, then from the Lemma of Lax-Milgram, there are {90 ,0' }E L*(0,LYyxH™'(0,L)
such that the solution y(x,f) satisfies:
yx0) =5y, v (x0)=y
Hence we conclude the theorem.

Observation: In [5], it is proved that in the conditions of the theorem 2.2 the solution

y = y(x,1) has the following regularity:

ye ¢'(o,11;12(0,L))N c°(0,T1; H} (0, L)) .

NUMERICAL METHOD
Notation: Consider in the intervals [0,L]c IR and [0,7]c IR , the following

discretization:

O=xy<x <-<x,=L and O0=¢"<r'<--<t?=T

To all (xj,r”) the function y(x,t) will be denoted by
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y(x,0) = y(x;,t") = y(jh,nk) =y
gl j=01,-,J
t"=n-k; n=01--,N .
3.1 Numerical Solution
Consider the linear no homogeneous problem (1) where v() and w(r) are the

boundary values and the Finite Difference Operator given by
8yy] =¥ja=2y] + ¥} - (15)
A standard family of numerical methods for the problem (1) using finite difference

thecnique is given by (see [9])

1
K

2. .n 1
gfyjzh?_

The numerical schemes (16) are denominated Implicit Methods for all 6,

©82y™ +(1-20)52y" +682y™) . (16)

0<8@ <1. When 0 =0, then we have the Explicit Method and"if @ =1, we have a

Retrograde Explicit Method. If 0<6 <1, the numerical solution y} cbnverge to the

exact solution y(x,t) with error O(kz + hz), toall r :i. In particular, taking 6 = i, the

numerical scheme is given by:

Let n=0,
Ay} :%By?+kA(y,)3+%C0, j=12,,J =1 (17)
Let n=12,---,
Ay =By' Ay +C", j=12,0-1 . (18)

where the column vectors C" and C° are know and given by boundary value, defined

by:

2
n+l

n r n n n— n n—-
C :~4-(y0+] +2y0 + 570,40, Y1+ 2y0 + ) 1)2

2
:r_(vn—H +2vn +vn—l,0"“,0,wn+] +2wn _l_wn—-l). (19)

2
c® :%(yé £290 +95.0,.0,) +29° 437 )=

2

=-r—2~(vl + 30— k(3)3.0,-.0,w +y° —k(3,)%) . (20)



The matrix A and B are symmetric and tridiagonal, given by:

fa b 1 [c 'd 1
b a b & ©vd
A= ; B= 21
b.a.b dicC i
i aj| L <
where
a=l+-2]»r2; b_:—-:lj:rz; c=2-r%; d=%r2,

The numerical solution y7, for a fixed n, is obtained through of the solution of the linear

system.

3.2 The Problem Description

The goal is to determine the pair of initial data {90,9'}e F’ such that the solution
6 =0(x,t) of problem (3), can generate the transversal motion op boundary of the

problem:

Yy = V=0 - in 10,L[x]0,T[
y(x,0) = y°(x); y,(x0)=y'(x) in JO,L[ (22)
y(0,1) =-6,(0,1); WLt)=8(L;1) in JO.7T1.

such that at a time T>—§, the solution y = y(x,#) of problem (22) satisfies the

equilibrium condicion (2), for all pair of initial data {yo, y‘}. Notice that problem (22) is
the same as problem (1), taking the boundary value
v(t) =-6,(0,1); w(t) =0 (L,1), te]0,T|.
We want to establish one relation between the functions {Bx (0,1),6 (L, t)} and the

initial value {y”, y' } . Since the function 6 is unique for all {90 R } then the relation can

be established between {°,6'} and {y°,y'}. In the HUM the relation is given by
isomorphism
AP @.0' =y 0,y @}

We will show in the following that in the numerical case the relation is given by

the linear system S@ = yx , defined bellow.
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3.3 Application the Numerical Method
We will first apply the numerical method (17) and (18) on problem (3), to

establish the relation between the solution 6(x,?) and the initial values {9°,6'}. The
initial values are not know and have to be determinated such that the solution 8(x,?) can
generate transversal motions 8 (x,f) and 6 _(L,t) on problem (22) and such that the
solution y(x,t#) satisfies the equilibrium condition (2).
Consider problem (3). Due to compatibility between the initial values, we have:
. 6(0,0)=6(L,0)=06,(0,0)=06,(L,0)=0 (23)

As the boundary value is vanished for all ¢z, then the column vectors C" (19) and C° (20)

are also vanished. From (17), since the matrix A is nonsingular, it follows that:
1
6; = M7 +K(, ), (24)

where M = A™'B. .
Define the (J —1)x(J —1) matrix, by !

R=I; P =%M i Pa=MP =P, n=2.3,:- 25
o=K1; 0,=KM; Q,=MQ -0,,, n=23,.- (26)
Then (24) can be written by
0} =P0+0,6,) 27
Taking n =1 in (18), we have
62 =Mo' —0°

From (25), (26) and (27) we obtain
6; =P6)+0,0,); (28)
Taking n =2,3,--+, we obtain that:
0; =P, 00 +0,6,);,, n=123-, j=12,--,J-1. 29)
The equality (29) establish then the relation between the solution of the problem

(3) and {é}’, (9, )‘j} Consider now, the application of the numerical schemes (17) and (18)

to problem (22). In this case the initial values {yo(x), y' (x)} are known and the boundary
values are given by;

y(0,)=-0,(0,r) and y(L.1)=6,(L1), t€]0T[.



Using the approximation given by finite difference methods for the function 6 , we

obtain
t 1 n n 1 n
—QX(O,I):“—(QX)O =—~};(91 —90 )Z_EQI

n 1 n n 1 n
8,.(L,1)= (Gx ),r = _};(BJ -6, ): ——EQJ—I

This way, the boundary values are given by the approximation

n l n n 1 n
Yo :_Eel and y; :—EBJ—I

Denoting by L, the i-th line of a given matrix, then from (29) we can write
0 =L(P. 0] +L(Q,)6,);,  j=12,,7-1

0i.=L,, (Pn+1 )9? +L,, (Qn )(Qr )(J) , j=12,-,J -1
It follows that .

1

yg :‘h{Ll(PJH-I)g_?+LI(QH)(9.')3}’ j:172"“"]_1' (30)

n 1 1
yJ :_E{LJ’—I(‘PHHP?+LJ—I(QH)(9.'){;}’ J=1’2’”"JH1 (31)

Denoting by v" = y;; w" =y, and

A P A L
PM:F(M) } Q[ ©) } -
LJ—I (PrH—l LJ—I (Qn )
where j;n+1 and én are 2x(J —1) matrices. Substituting (32) in (30) and (31), we obtain
Vo B 6040 (0, ) =12
I P..0]+0Q,06,);t, Ji=12,-,J-1. (33)
Denoting by
2
& :%(v”,O, 0,w"), n=12,
0 r’ 1 0
V :-4-(y0 0 ..10’))!)
) I"2 ( 0 0
Ve =T KO0 0-K(5,)})
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then we can write the column vectors (19) and (20) by:
%CU =V VO (v, )

Cr =P VR Y,

The numerical scheme (17) and (18) can be written by:
1
Ay} =~ By) +KA(y,)) + V' +vo+v?)

Ay™ =By - Ay" + (™ +2vn V),
From (36) and (37), we have:
yf ZA_I(anl +Rn—l

where we define the matrix:
R=I: R,=M+2I; R,=MR,; R, =MR,_ —R

Ly v k(5 P A0 +V0) )
XO - 2 yj yr j !
X =My, _yj') +A™ (VO)

A :MZH-1_ZH-2; n=234,-

where, M = A”'B. The unknown V', i=1,2,---,n, must be determined in order to have

y(x,T)=1y,(x,T) =0 or equivalently ‘

Y 2()’;)'_:- =0, for n=N,N+1,---.

Taking n= N and using the approximation given by the finite difference method, we

have:

Hence:

Therefore, as the solution is regular we can take it continuous in the boundary such that it

satisfies:

y(.;V+l zyci)\f :yj,\fﬂ :yj\’ :VN :VN-H =) .

Vit RV™ +RV" )+ 1., .

nHQ; n :4!5,63'”

(34)

(35)

(36)

(37)

(38)

(39)
(40)

(41)

(42)

(43)

(44)

(45)



Taking n=N and n= N +1 in (38) and using (44) and (45) we obtain
RV'+R, V +-+RV" =—Alyx,_) (46)

R, WV'+R, V> +. - +RV" =-A(y,) 47)

Notice: The matrices R, s=2,---,N of the linear system are (J —1)x(J —1) matrices.

The column vectors V', i =1,2,---,N —1 are given by:

where V' has (J —1) components, with (J —3) components equal to zero. The product
RV'isa (J—1)x1 matrix. We can simplify the computation of the product using in the

(J =3) zero components, by means of the procedure:

Let .

i 2
! = '

{} :%(v",wi) be a 2x1 column vector

and R; be the (J —1)x2 matrix given by the 1¥ and the (J —1)* column of the matrix

R

3

Then the result of the product is the same, i.e.
R_E.Vi = J;\,s {}j 2

For simplicity, we will consider for now on

W ity :%(vgwf) (48)

and R, = 1%\ the (J —1)X2 matrix.
From (33) and (48) we obtain:

2 n 2 A A
v :L[ivn:I:_L(Pnﬂ 9? +Qn(9r)(j}5 j:l,z,---,]wl. (49)

41w | 4n
Consider:
B B i Pl =23, N=1N
G, =R Quuus =23, N-LN
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Fi =R, - Pw+-i, i=34,--,N,N+1

Gr=R, i s i=34,,N,N+1.

Considering (49) in the linear system (46), (47), we have,

(ZF ]9 (ZG]( ) ihA(xN-,) (50)
(2}9 +(ZG]( § = a) (51)

=

9{9? ] x:@[A(xN_l)]
| ©.);] r | Aley)

Then the linear system (50), (51) is equivalent to:
§ P (52)

where

Sisa 2(J -1)x2(J —1) matrix, and

o 21 F, F", _ ZNH ﬁ,f
G Z! G, G ZNH
6 isa 2(J —1)x1 unknown vector

x isa 2(J —1)x1 vector of independent terms.

The linear system (52) establish then the relation between {yo(x), y'(x)} that generates

the matrix ¥ and the initial values {Ho(x)é“(x)}. The matrix S is non singular for each

pair of the initial values {yo(x), ' (x)} , then there is a unique pair of the solution.

COMPUTATIONAIS ASPECTS

Here we take explicicity the initial values {yo(x), y' (x)} and the matrix § determined for

some values of r :%. We will determinate the solution of the system and then we will

obtain the boundary values and the aproximation solution.

In order to compare the results, we construct a exact control problem for which

the boundary as well as the exact solution are known. We show the graphs and tables and

compare the results.




4.1 Construction of an Exact Solution

Consider the problem (3) and the initial values;

2
0°(x) =m0’ (x) = ‘/2_ -sen(mx) in [0,1]. (53)
In this conditions the solution (3) is clearly given by
0(x,1) = cosx(r —%) senmx in  ]0,1[x]0,T[. (54)
From (54) it follows that;
0.0,6)=-0_(1,1) =ﬂcosn(tﬁi]. (55
Consider now the retrograde problem
Yy =Y =0 in 10,7 [x]0,1[
Y(0,1)=~6,(0,1); y(L1)=6,(1,1) in 10,7 [ (56)
yx,T)=y,xT)=0 in 10,17

where the boundary conditions are given by (55). We want then to determine the solution

y = y(x,t) of problem (56). In order to have the initial and boundary values compatible,

we take
3
T:n+z, n=012,-- (57)
Hence, we obtain from (53) and (55),
0(x,T)=0(0,T)=0 (,T)=0, Vxe [0,1]. (58)
Consider the function u(x,?) defined by,
u(x,t) =—mcos x{r - i)eos@m) . (59)

Then the function u(x,t) is the solution of the following retrograde problem,

Euzr - uxx = —g(x’t)
u(0,1) = —6,(0,0); u(l,t)=6_(1,1)
u(x,T)=0 (60)

u,(x,T)= f(x)
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where

g(x,t)=3x? cosn(r—i]cos(zﬁ:x). (61)

f(x)=m’sen E(T - —i]oos(Zm) )

Let,
y(x,t) =u(x,t) +wix,t). (62)
then y(x,r) is the solution of the retrograde problem (56), if the function w(x,t) is the

solution of the following retrograde problem,

w, —w_ = g(x,1) in 10,1[x]0,T [

w(0,0)=0; w(l,1)=0 Vte]l0,T[ 63)
w(x,T)=0 Vxe]0,1[

w,(x,T) ==f(x) Vxe]0,1]

1
Fourier Series Methods: Using the Fourier Series Techniques, the solution w(x,t) of

problem (63) is given by:

w(x,t) = C,(z)sen(mx) + iCP () sen(pmx) . (64)

p=3
pimpar

where

1 1 1
——Qcosn: t—— |[+2n(T —1p)senm|t—— | for p=1
3 4 4

4 pr 1 12p 1
C,(1)= 1 sen(T cos pn(r 25 Z)-l- (pz = Isz _4)00571'(1 —Z} (65)

if p=2k+1; k=12,

Considering (64) and (60) in (62), we obtain the solution of the retrograde problem (56),

given by
y(x,t) = -/ cos n’(r - %]cos(an) + C, (t)sen(mx) + 2 C,(r)sen(pmx).  (66)
p:‘?:;ﬂi’
The initial values {yo(x), P (x)} are given by
y(x,0) = u(x,0) + w(x,0) = (67)

= %5—{—%003(27&) - é(Sn(ém +3)+20)sen m}



= 4 T 3\2p
+ sen — + sen prmx .
,,Z; (pz-lj[ 4 2p2—4] 4
p:ampar
¥, (x,0)=u,(x,0) + w,(x,0) = (68)

\2r

= —2—— {— 7 cos(2mx) — é(3ﬂ:(4n +3)—-8)sen nx}

pr

- p pr 3@
+ 47 ; m[cos | +m]senpmc

piimpar
.. 3
where we use the condition 7 =n + Z . n=0,12,--

4.2 Numerical Results
Consider the initial values {y”(x), y'(x)} and the solution y = y(x,t) of problem (56)

given, respectively, in (67), (68) and (66). For the following.numerical results, we have

! 3 .
fixed the number T =n+ r =3,75 and for the numerical resolution of the linear system

we have used Gaussian Elimination..The matrix § is obtained by a linear combination of

the matrix M = A™'B, that is nonsingular and positive defined for 0 < r <1. In this case

the matrix § is also nonsingular and hence the numerical results are valid for O<r<1.1In
the resolution of the linear system we obtain the initial values {B°(x),6’(x)}. Next, the

approximate boundary values are obtained by

n 1 j
o = (PP + @6} =120 -1
n: = 1 P 0+ 6 0}

y_f —_—— f—]( n+1pj Lj—l(QﬂXf)j .

The approximate solution y;? , j=12,---,J-1; n=12,.-- is obtained through the
implicit numerical method (17) and (18), using the approximate boundary values y; and
¥, given above. We can then compute the relative error for the boundary values and for
the solutien with the approximate values since the exact solution of the problem (56) is

known and the exact boundary values are given by

¥(0,7) = y(0,t) =—m cos Ir(t - %) :
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For the construction of the following relative error tables, we take r=0,25+0,5-n,

n=0,1,---,6, we fix r =£=l and take h =liil As the solution is symmetric
h 2 8 16 32 64

and y(0,#)= y(1,) then it is sufficient to compute the relative error for just one side of

the boundary and the approximate numerical solution y(x,t) for xe [0;0,5]. Table 4.1

shows the relative error for the boundary value and table 4.2 shows the solution relative

error for x=0,25.

Table 4.1
- el
Boundary Value relative error r = P = 5
t\h 1/8 1/16 1/32 1/64

025 | 1,2%107% | 3,2%x107% | 1,4x107% | 6,6%x10°*

0,75 | 1,9%10™" | 2,5x107* | 1,9%x10™ | 2,5%107

1,25 | 37%x10™ | 1,0x107° | 4,8%107° | 1,0x107?

1,75 15x107 | 31x1072 | 92x10 | 21x1072

225 1,0x107° | 94x107% | 1,6x107 | 8,6x107°

2,75 47x107" | 1,1x10™" | 56x107 | 4,7x107>

3,25 | 4,6x107 | 1,7x107 | 39x107 | 88x1073

Table 4.2

Relative error of the solution for x=0,25

t\h 1/8 1/16 1/32 1/64
0,25 | 51x10™ | 43x107° | 1,0x107% | 1,0x107?

0,75 | 4,6x107 | 54x10™ | 68x107 | 2,0x107°

1525'] “5,6%107°%'{724%107° | '22x10% | 18x10

A 1,75 3,6x107 | 7,4x107 | 63x10™ | 6,3x107

2,251 961072 | 50x107% | 28x107% | 8,6x107°

2,75 | 18%107% | 33%10™ | 19%10™* | 12%1073

3,25 | 8,0x107* | 55%107% | 23x107* | 3,7x10™*




The figures 4.1, 4.2, 4.3 € 4.4 show the exact and approximate boundary values for r :; and

h=

4.5 represents the boundary value when r =

Figure 4.6 represents the boundary value when r =—

11

11
8716 32 64

Fig. 4.1 - (h,k)=(1/8,1/16)

w

Fig. 43 - (h,k)=(1/32,1/64)

0J75 1.5 2. 20 3 3225

Fig. 45- (hk)=(1/16,1/64)

respectively, forevery t=n-k; n=012,---,

k\?c-
4>~\-—-

75 1:::5 2.25 3 3 715

N and Nk=T=3,75. Figure

, taking k*i and h—L
94 16

:l,taking k:L and h:l.
8 64 8

28]

Fig. 4.2 - (h,k)=(1/16,1/32)

WANAN
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[
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VARV

Fig. 4.4 - (h,k)=(1/64,1/128)

zk/ \VA

Fig. 4.6 - (h,k)=(1/8,1/64)
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Figures 4.7 and 4.8 represent the exact and approximate solution for x=0,25, with

| 11 11 .
hk)=|—;,— hk)y=| —;— spectively.
L (16 32]6( ) [16 64}6 L ase

10+

-104

Fig. 4.7 - U(0.25;t)-(h,k)=(1/16,1/32)
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<«
aT
(9]

-104+

Fig. 4.8 - U(0.25;1) - (h,k) = (1/16,1/64)
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