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Abstract
As gravitation and electromagnetism are closely analogous long-range interactions, and the current
formulation of gravitation is given in terms of geometry. Thence emerges a relativistic theory of the
�eld by generalization of the general relativity. The derivation presented shows how naturally we can
extend general relativity theory to a non-symmetric �eld, and that the �eld-equations are really the
generalizations of the gravitational equations. With curvature tensor and the variational principle, we
will deduce the �eld equations and Bianchi's identities. In consecuense, the �eld equations will �nd
from Bianchi's identities.

Keywords: In�nitesimal parallel translation, Curvature Tensor, �eld equations, Maxwell's equations..

Una teoría relativista del campo II: Principio de Hamilton e identidades de Bianchi

Resumen
Dado que la gravitación y el electromagnetismo son interacciones de largo alcance muy análogas, la
formulación actual de la gravitación se da en términos de geometría. Por lo tanto, surge una teoría
relativista del campo mediante la generalización de la relatividad general. La derivación presentada
muestra cuán naturalmente podemos extender la teoría de la relatividad general al campo no simétrico,
y que las ecuaciones de campo son las generalizaciones de las ecuaciones gravitacionales. Con el tensor de
curvatura y el principio variacional, deduciremos las ecuaciones de campo y las identidades de Bianchi.
En consecuencia, las ecuaciones de campo se encontrarán a partir de las identidades de Bianchi.

Palabras clave: Tranporte paralelo in�nitesimal, tensor de curvatura, ecuaciones de campo, ecuaciones
de Maxwell..

Introduction

Einstein tried to treat gravity and electromagnetism uni-
�edly by means of a uni�ed �eld theory [1�15]. Previ-
ously Maxwell had published in 1873 [16, 17] what we
would call the �rst uni�ed theory, when formulating a
�eld theory that integrated electricity and magnetism,
and currently there are attempts to unify gravitation
and electromagnetism [18�23]. Since the �rst attempts
of Einstein [24, 25], Kaluza [26] and Klein [27], other
types of interactions di�erent from gravity and electro-
magnetism, such as weak interaction [28] and strong in-

teraction [29, 30], have been the subject of various at-
tempts at uni�cation, and by the end of the 1960s the
electroweak theory was formulated [31�34]. In fact, it
is a uni�ed �eld theory of electromagnetism and weak
interaction. Attempts to unify the theory of strong in-
teraction with the electroweak model and with gravity (a
treatise on quantum gravity [35�38]) have since remained
one of the still pending challenges of physicists, a theory
that would explain the nature and behavior of all matter.

In the beginning of 20th century, the mathematical
theories essential for the creation of the general relativ-
ity, they were based on the Riemann metric, which was

*mvalenzuelad@ipn.mx
© Los autores. Este es un artículo de acceso abierto, distribuido bajo los términos de la licencia Creative Commons
Atribución 4.0 Internacional (CC BY 4.0) que permite el uso, distribución y reproducción en cualquier medio, siem-
pre que la obra original sea debidamente citada de su fuente original.

12

http://www.unmsm.edu.pe/
https://revistasinvestigacion.unmsm.edu.pe/index.php/fisica
https://fisica.unmsm.edu.pe/
https://creativecommons.org/licenses/by/4.0/deed.es
https://doi.org/10.15381/rif.v24i3.14375
https://orcid.org/0000-0002-8532-229X


Rev. Inv. Fis. 24(3), (2021) 13

considered as the fundamental concept of general relativ-
ity [39�48]. Although, it was later pointed out, correctly,
that the element of the theory that allows to avoid the
inertial system, it is rather the �eld of in�nitesimal dis-
placement. It replaces the inertial system to the extent
that the comparison of vectors at in�nitesimally close
points becomes possible.

The heuristic strength of the general principle of rel-
ativity lies in the fact that it considerably reduces the
number of imaginable sets of �eld equations; the �eld
equations must be covariant with respect to all contin-
uous transformations of the four coordinates. But the
problem becomes mathematically well-de�ned only if we
have postulated the dependent variables which are to
occur in the equations, and their transformation prop-
erties (�eld-structure). But even if we have chosen the
�eld-structure [49] (in such a way that there exist suf-
�ciently strong relativistic �eld-equations), the princi-
ple of relativity does not determine the �eld-equations
uniquely. The principle of "logical simplicity" must be
added (which, however, cannot be formulated in a non-
arbitrary way). Only then do we have a de�nite theory
whose physical validity can be tested a posteriori.

For the general theory of gravitation and electromag-
netism it is essential that we can associate with the co-
variant tensor gµν a contravariant gµν , through the rela-
tion gσλg

ρλ = δρσ. This association can be carried over
to the non-symmetric case directly. So it is natural to
try to extend the theory of gravitation to non-symmetric
gµν

∨
�elds.

The main di�culty in this attempt lies in the fact
that we can build many more covariant equations from a
non-symmetric tensor than from a symmetric one. This
is due to the fact that the symmetric part, gµν , and the
antisymmetric part, gµν

∨
, are tensors independently. Is

there a formal point of view which makes one of the
many possibilities seem most natural? It seems to me
that there is. In the case of the gravitational theory it
is essential that besides the gµν tensor we also have the
symmetric in�nitesimal displacement Γλ

µν . This displace-
ment is connected with gµν by the equation

∂gµν
∂xρ

− gανΓ
α
µρ − gµαΓ

α
ρν = 0. (1)

But in the symmetric case the order of indices does
not matter. How shall we generalize (1) to our case? We
make use of the following postulate: there is a tensor gµν
the "conjugate" of gµν , and a "conjugate" Γλ

µν of Γλ
µν . It

seems reasonable that conjugates should play equivalent
roles in the �eld-equations. So we require that if in any
�eld-equation we replace g and Γ by their conjugates,
we should get an equivalent equation. This requirement
replaces symmetry in our system.

Our main task now is to �nd out whether there is
a su�ciently convincing method of �nding a unique set

of �eld-equations for the non-symmetric �elds with the
above structure. This problem in a previous publica-
tion [50] was solved by forming a variational principle in
close analogy to the symmetric case. This way we make
sure that the resulting equations will be compatible. The
only reason why this derivation may seem not completely
satisfactory is that we subject the �eld a priori to two
conditions:

Γλ
µλ
∨

=
1

2

(
Γλ
µλ − Γλ

λµ

)
= 0, (2)

∂(
√
−gg

µλ
∨ )

∂xλ
=

1

2

∂

∂xλ

(√
−ggµλ −

√
−ggλµ

)
= 0. (3)

These side-conditions make the derivation more com-
plex than in the gravitational theory.

In the theory of symmetric �elds there is a sec-
ond method of ensuring the compatibility of the �eld-
equations (Rµν = 0). We must have four identities con-
necting the equations. These can be derived by contract-
ing the Bianchi- identities which hold for the curvature
tensor:

∇σ
•
Rµνλ

•
ρ
•
= ∇σRµνλρ +∇λRµνρσ +∇ρRµνσλ = 0.

In this article we have shown that an analogous ar-
gument can be used for the justi�cation of the �eld-
equations also in our case. This will give a deeper in-
sight into the structure of non-symmetric �elds, and it
will demonstrate in a new way that the �eld-equations
chosen for the non-symmetric �elds are really the natural
ones.

Asymmetric tensors

Given any tensor Aµν , it can be written as the sum of a
symmetric tensor Aµν and an antisymmetric Aµν

∨
. These

are uniquely determined by the relations:

Aµν =
1

2
(Aµν +Aνµ) , (4)

Aµν
∨

=
1

2
(Aµν −Aνµ) . (5)

A complication is introduced into this theory by the
fact that besides the fundamental tensor gµν we also have
its conjugate

g̃µν = gνµ, (6)

The other tensors of our theory are de�ned in terms
of gµν . Given a tensor Aµν , by its conjugate Ãµν we
mean the tensor we get by replacing gµν in the de�nition
of Aµν by gµν . We shall be particularly interested in
tensors in whose de�nition g and g̃ play analogous roles;
more precisely those tensors for which replacing gµν by
gνµ merely changes Aµν into Aνµ, or for which

Ãµν = Aνµ. (7)
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A tensor having the property (7) is called Hermitian.
In analogy to (4) and (5), we can decompose any tensor
uniquely into

Aµν =
1

2

(
Aµν + Ãνµ

)
+

1

2

(
Aµν − Ãνµ

)
. (8)

The �rst term is the Hermitian, the second the anti-
Hermitian part of Aµν . If the di�erentiation index ρ is
to be on the right in a certain term, we put + under the
corresponding tensor-index; if on the left, put − under
the index. As an illustration we give a new form of (1):

∇ρgµ
+
ν
−
=

∂gµν
∂xρ

− gανΓ
α
µρ − gµαΓ

α
ρν = 0. (9)

The theorems about covariant di�erentiation can be
taken over from the symmetric theory, if we are careful
to distinguish the two kinds of derivatives. By raising
the indices µ and ν in (9) we have:

∇ρg
µ
+
ν
− =

∂gµν

∂xρ
+ gανΓµ

αρ + gµαΓν
ρα = 0. (10)

If we let
√
−g stand for the square-root of the neg-

ative determinant of gµν , then
√
−g is a scalar density.

We can describe a tensor density as a product of
√
−g

and a tensor. Let us study these densities. Multiply (1)
by gµν and sum:

1

g

∂g

∂xρ
− Γλ

λρ − Γλ
ρλ = 0

or
∂
√
−g

∂xλ
−

√
−gΓλ

ρλ = 0. (11)

It is, therefore, natural to de�ne ∇ρ (
√
−g) = ∂

√
−g

∂xλ −
√
−gΓλ

ρλ. If (9) is satis�ed, then ∇ρ (
√
−g) = 0. If we do

not assume (1), then ∇ρgµ
+
ν
−
and ∇ρg

µ
+
ν
− do not vanish

but they have tensorial character. Also ∇ρ (
√
−g) has

the character of a vector density. This permits us to in-
troduce absolute di�erentiation of tensor densities. For
example: if we multiplied the right side of the equation

∇ηA
λ
+ =

∂Aλ

∂xη
+ Γλ

µηA
µ

by a scalar density
√
−g, then we get the tensor den-

sity
∂
(√

−gAλ
)

∂xη
+

√
−gAµΓλ

µη − ∂
√
−g

∂xη
Aλ,

or according to (11)

∇η

(√
−gA

λ
+

)
=

∂
(√

−gAλ
)

∂xη
+

√
−gAµΓλ

µη −

1

2

√
−gAλ (Γρ

ρη + Γρ
ηρ

)
. (12)

In an analogous manner, if we multiplied the right
side of the equation

∇ηA
λ
− =

∂Aλ

∂xη
+ Γλ

ηµA
µ

by a scalar density
√
−g, then we get the tensor density

∂
(√

−gAλ
)

∂xη
+

√
−gAµΓλ

ηµ − ∂
√
−g

∂xη
Aλ,

or according to (11)

∇η

(√
−gA

λ
−
)
=

∂
(√

−gAλ
)

∂xη
+

√
−gAµΓλ

ηµ −

1

2

√
−gAλ (Γρ

ρη + Γρ
ηρ

)
(13)

and for the divergence; by a contraction with respect to
the indices λ and η in the equations (12) and (13):

∇λ

(√
−gA

λ
+

)
=

∂
(√

−gAλ
)

∂xλ
+

√
−gAµΓλ

µλ
∨
, (14)

also

∇λ

(√
−gA

λ
−
)
=

∂
(√

−gAλ
)

∂xλ
−

√
−gAλΓρ

λρ
∨
. (15)

We can now calculate the covariant derivative of a
tensor density from the rule for di�erentiating a prod-
uct. For example:

∇ρg
µν = ∇ρ

(√
−ggµν

)
=
(
∇ρ

√
−g
)
gµν +

√
−g∇ρg

µν .

This vanishes, if (1) is satis�ed. More explicitly:

∇ρ

(√
−ggµν) = (∂

√
−g

∂xρ
−

√
−gΓλ

ρλ

)
gµν+

√
−g

(
∂gµν

∂xρ
+ gανΓµ

αρ + gµαΓν
ρα

)
.

Therefore we have:

∇ρg
µ
+
ν
− = ∇ρ

(√
−gg

µ
+
ν
−
)
= 0

or

∇ρ

(√
−gg

µ
+
ν
−
)
=

∂

∂xρ

(√
−ggµν)+√

−ggανΓµ
αρ +

√
−ggµαΓν

ρα −
√
−ggµνΓλ

ρλ = 0. (16)

In an analogous manner we may calculate the equation

∇ρ

(√
−ggµ

+
ν
−

)
=

∂

∂xρ

(√
−ggµν

)
−

√
−ggανΓ

α
µρ −

√
−ggµαΓ

α
ρν −

√
−ggµνΓλ

ρλ = 0. (17)

For completeness we include the following abbrevia-
tion

Aµ
•
ν
•
λ
•
= Aµνλ +Aνλµ +Aλµν .
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Curvature

Although the G-�eld does not itself have tensor charac-
ter, it implies the existence of a tensor [51,52]. The latter
is most easily obtained by displacing a vector Aλ accord-
ing to δAλ = −Γλ

ρσA
ρdxσ along the circumference of an

in�nitesimal two-dimensional surface element and com-
puting its change in one circuit. This change has vector
character.

Let xρ

0
be the co-ordinates of a �xed point and xτ

those of another point on the circumference. Then
ξτ = xτ − xτ

0
is small for all points of the circumference

and can be used as a basis for the de�nition of orders of
magnitude. The integral

∮
δAλ to be computed is then

in more explicit notation

−
∮

Γλ
στA

σdxτ

or

−
∮

Γλ
στA

σdξτ .

Underlining of the quantities in the integrand indi-
cates that they are to be taken for successive points of
the circumference (and not for the initial point, ξτ = 0).

We �rst compute in the lowest approximation the
value of Aλ for an arbitrary point ξτ of the circumfer-
ence. This lowest approximation is obtained by replacing
in the integral, extended now over an open path, Γλ

στ and
Aσ by the values Γλ

στ and Aσ for the initial point of in-
tegration (ξτ = 0). The integration gives then

Aλ = Aλ − Γλ
στA

σ

∫
dξτ = Aλ − Γλ

στA
σξτ .

What are neglected here, are terms of second or higher
order in ξ. With the same approximation one obtains
immediately

Γλ
στ = Γλ

στ +
∂Γλ

στ

∂xη
ξη.

Inserting these expressions in the integral above one ob-
tains �rst, with an appropriate choice of the summation
indices,

−
∮ (

Γλ
στ +

∂Γλ
στ

∂xη
ξη
)(

Aλ − Γσ
µνA

µξν
)
dξτ

where all quantities, with the exception of ξ, have to be
taken for the initial point of integration. We then �nd

−Γλ
στA

σ

∮
dξτ − ∂Γλ

στ

∂xη
Aσ

∮
ξηdξτ +Γλ

στΓ
σ
µνA

µ

∮
ξνdξτ

where the integrals are extended over the closed circum-
ference. (The �rst term vanishes because its integral van-
ishes.) The term proportional to (ξ)2 is omitted since it

is of higher order. The two other terms may be combined
into [

−
∂Γλ

ην

∂xµ
+ Γλ

ανΓ
α
µη

]
Aη

∮
ξµdξν

This is the change ∆Aλ of the vector Aλ after displace-
ment along the circumference. We have∮

ξµdξν =

∮
d (ξµξν)−

∮
ξνdξµ = −

∮
ξνdξµ.

This integral is thus antisymmetric in µ and ν, and in
addition it has tensor character. We denote it by f

µν
∨ . If

f
µν
∨ were an arbitrary tensor, then the vector character of

∆Aλ would imply the tensor character of the bracketed
expression in the last but one formula. As it is, we can
only infer the tensor character of the bracketed expres-
sion if antisymmetrized with respect to µ and ν. This is
the curvature tensor

Rλ
µνη =

∂Γλ
µν

∂xη
+ Γλ

αηΓ
α
µν −

∂Γλ
µη

∂xν
− Γλ

ανΓ
α
µη. (18)

The position of all indices is �xed. There also exist a
non-vanishing contraction with respect to λ and µ

Rρ
ρνη =

∂

∂xη
Γρ
ρν − ∂

∂xν
Γρ
ρη (19)

which in general does not vanish even if (9) is satis�ed.
Namely, if we transform the right-hand side using the
equation following from (11)

∂

∂xη

(
Γλ
λν + Γλ

νλ

)
− ∂

∂xν

(
Γλ
λη + Γλ

ηλ

)
≡ 0 (20)

we get

Rρ
ρνη = − ∂

∂xη
Γρ
νρ
∨
+

∂

∂xν
Γρ
ηρ
∨
.

This will not vanish in general, but, it will vanish when
the �eld satis�es equation (2).

Contracting with respect to λ and η we obtain the
contracted curvature tensor

Rµν = Rλ
µνλ =

∂Γλ
µν

∂xλ
+Γλ

αλΓ
α
µν −

∂Γλ
µλ

∂xν
−Γλ

ανΓ
α
µλ. (21)

The tensor Rµν is not Hermitian. We form the Her-

mitian tensor R∗
µν = 1

2

(
Rµν + R̃νµ

)
. We thus get

R∗
µν =

∂Γρ
µν

∂xρ
− 1

2

(
∂Γρ

µρ

∂xν
+

∂Γρ
ρν

∂xµ

)
− Γλ

µρΓ
ρ
λν + Γλ

µνΓ
ρ
λρ.

(22)
For the anti-Hermitian part, we get:

Pµν =
1

2

(
Rµν − R̃νµ

)
=

1

2

(
−
∂Γρ

µρ

∂xν
+

∂Γρ
ρν

∂xµ

)
+Γλ

µνΓ
ρ
λρ
∨
;

(23)
considering (20) this becomes

Pµν = −1

2

∇νΓ
ρ
µ
+
ρ

∨

+∇µΓ
ρ
ν
+
ρ

∨

 (24)
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hence the anti-Hermitian part of Pµν vanishes when (2)
and (9) are satis�ed. It is now our task to �nd compatible
�eld equations (on the basis of a variational principle) so
that equations (2) and (9) are part of the �eld equations.

First we want to make another formal remark, which
serves to prepare the derivation of the �eld equations. If

in equation (16) we contract to form ∇ν

(√
−gg

µ
+
ν
−
)
and

∇µ

(√
−gg

µ
+
ν
−
)
then by subtraction we get

1

2

[
∇ν

(√
−gg

µ
+
ν
−
)
−∇ν

(√
−gg

ν
+
µ
−
)]

=

∂

∂xν

(√
−gg

µν
∨
)
−

√
−ggµσΓν

σν
∨

(25)

where
√
−ggµν is the symmetric,

√
−gg

µν
∨ is the anti-

symmetric part of the
√
−ggµν . Hence, if (9) is satis�ed

we have identically

∂

∂xλ

(√
−ggλσΓν

σν
∨

)
≡ 0. (26)

The equations (2) satisfy, therefore, a scalar identity
as a result of (9). From equation (25) we see that equa-
tions (2) and (9) imply

∇λ

(√
−gg

µλ
∨
)
= 0. (27)

Hamiltonian principle. Field equations

In the case of the real symmetric �eld we obtain the �elds
eqations most simply in the following manner. We use
as Lagrangian function the scalar density

LG =
√
−ggµνRµν (28)

where

Rµν =
∂

∂xρ
Γρ
µν + Γλ

µνΓ
ρ
λρ − ∂

∂xν
Γσ
µρ − Γλ

µρΓ
σ
λν

is the curvature tensor in the relativistic theory of grav-
itation. If we vary the volume integral of L , i. e.

δ
∫

LGdτ = −
∫
dτ
[

∂
∂xµ (

√
−ggµν) +

√
−ggλνΓµ

λρ +
√
−ggµλΓν

ρλ −
√
−ggµνΓλ

ρλ

]
δΓρ

µν

+
∫
dτδνρ

[
∂

∂xλ (
√
−ggµν) +

√
−ggλσΓλ

λσ

]
δΓρ

µν −
∫
dτ

√
−g
(
Rµν − 1

2
gµνR

)
δgµν

independiently with respect to Γ and g, then variation with respect to Γ yields

−
[

∂
∂xµ (

√
−ggµν) +

√
−ggλνΓµ

λρ +
√
−ggµλΓν

ρλ −
√
−ggµνΓλ

ρλ

]
+ δνρ

[
∂

∂xλ (
√
−ggµν) +

√
−ggλσΓλ

λσ

]
= 0

or Eq. (1), and variation with respect to g yields the equations Rµν − 1
2
gµνR = 0, or Rµν = 0. If we apply the same

method in the relativistic theory of the �eld

δ
∫

L dτ = −
∫
dτ
[

∂
∂xρ (

√
−ggµν) +

√
−ggανΓµ

αρ +
√
−ggµαΓν

ρα − 1
2

√
−ggµν

(
Γλ
ρλ + Γλ

λρ

)]
δΓρ

µν

+ 1
2

∫
dτ
[

∂
∂xλ

(√
−ggµλ

)
+

√
−ggαλΓµ

αλ −
√
−ggανΓσ

ασ
∨

]
δνρδΓ

ρ
µν

+ 1
2

∫
dτ
[

∂
∂xλ

(√
−ggλν

)
+

√
−ggλαΓν

λα +
√
−ggανΓσ

ασ
∨

]
δµρ δΓ

ρ
µν

+ 1
2

∫
dτ
(√

−ggµαΓσ
ασ
∨
δνρ −

√
−ggανΓσ

ασ
∨
δµρ

)
δΓρ

µν +
∫
dτδ (

√
−ggµν)Rµν

with L =
√
−ggµνRµν . Then we see a complication, since the variation with respect to Γ does not inmediately

yield the equation (9), which we wish to keep in any case. The variation with respect to Γ yields

−
[

∂
∂xρ (

√
−ggµν) +

√
−ggµαΓν

ρα +
√
−ggανΓµ

αρ − 1
2

√
−ggµν

(
Γλ
ρλ + Γλ

λµ

)]
+ 1

2
δνρ

[
∂

∂xλ

(√
−ggµλ

)
+

√
−ggαλΓµ

αλ −
√
−ggµαΓσ

ασ
∨

]
+ 1

2
δµρ

[
∂

∂xλ

(√
−ggλν

)
+

√
−ggλαΓν

λα +
√
−ggανΓσ

ασ
∨

]
+ 1

2

(√
−ggµαΓσ

ασ
∨
δνρ −

√
−ggανΓσ

ασ
∨
δµρ

)
= 0.

(29)

The �rst bracket is ∇ρ

(√
−gg

µ
+
ν
−
)
; the second and third brackets are contractions of this quantity, i. e.

−∇ρ

(√
−gg

µ
+
ν
−
)
+ 1

2
δνρ∇λ

(
√
−gg

µ
+
λ
−

)
+ 1

2
δµρ∇λ

(√
−gg

λ
+
ν
−
)
+ 1

2

(√
−ggµαΓσ

ασ
∨
δνρ −

√
−ggανΓσ

ασ
∨
δµρ

)
= 0. (30)

If there were no fourth bracket in (29) would imply the vanishing of ∇ρ

(√
−gg

µ
+
ν
−
)
, that is, (10). However, this would

require the vanishing of Γσ
ασ
∨

to which demand we have no right for the time being.
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We can resolve this di�culty in the following manner. We can compute the equations of (29)

−
[

∂
∂xρ (

√
−ggµν)−

√
−ggµνΓα

ρα +
√
−ggµαΓν

ρα +
√
−gg

µα
∨ Γν

ρα
∨

]
+ 1

2
δνρ

[
∂

∂xλ

(√
−ggµλ

)
+

√
−ggαλΓµ

αλ +
√
−gg

αλ
∨ Γµ

αλ
∨

]
+ 1

2
δµρ

[
∂

∂xλ

(√
−ggλν

)
+

√
−ggλαΓν

λα +
√
−gg

λα
∨ Γσ

λα
∨

]
−
(
√
−gg

αµ
∨ Γν

αρ
∨

+
√
−ggανΓµ

αρ

)
= 0

and

−
[

∂
∂xρ

(√
−gg

µν
∨
)
−

√
−gg

µν
∨ Γα

ρα +
√
−ggµαΓν

ρα
∨

+
√
−gg

µα
∨ Γν

ρα

]
+ 1

2
δνρ

[
∂

∂xλ

(√
−gg

µλ
∨
)
+

√
−gg

αλ
∨ Γµ

αλ +
√
−ggαλΓµ

αλ
∨

]
+ 1

2
δµρ

[
∂

∂xλ

(√
−gg

λν
∨
)
+

√
−gg

λα
∨ Γν

λα +
√
−ggλαΓσ

λα
∨

]
−
(
√
−ggανΓµ

αρ
∨

+
√
−gg

αρ
∨ Γµ

αρ

)
= 0.

Therefore, we form of the second equation

− ∂
∂xρ

(√
−gg

µν
∨
)
−

√
−ggανΓµ

αρ
∨

−
√
−gg

αν
∨ Γµ

αρ −
√
−ggµαΓν

ρα
∨

−
√
−gg

µα
∨ Γν

ρα

+
√
−gg

µν
∨ Γα

ρα + 1
2

∂
∂xλ

(√
−gg

µλ
∨
)
δνρ + 1

2
∂

∂xλ

(√
−gg

λν
∨
)
= 0.

If we contract this equation with respect to ν and ρ

1

2

∂

∂xλ

(√
−gg

µλ
∨
)
+

√
−ggµαΓρ

αρ
∨

= 0. (31)

From this we can deduce that the necessary and suf-

�cient condition for Γρ
αρ
∨

= 0 is that ∂
∂xν

(√
−gg

µν
∨
)
= 0,

i. e. Eqs. (2) and (3). In order to satisfy this identically
it su�ces to asume

√
−gg

µλ
∨ =

∂

∂xτ

(√
−ggµλτ

)
(32)

where
√
−ggµλτ is a tensor density which is antisymmet-

ric in all three indices. That is, we require that
√
−gg

µλ
∨

be derived from a �vector potential�. Therefore, we sub-
stitute in the Lagrange function

√
−ggµν =

√
−ggµν +

∂

∂xτ

(√
−ggµλτ

)
(33)

and vary independiently with respect to the Γ then yields
(9), as we have shown. The variation respect to the√
−ggµν and

√
−ggµλτ yields the equations

Rµν = 0, (34)

∂

∂xλ
Rµν

∨
+

∂

∂xµ
Rνλ

∨
+

∂

∂xν
Rλµ

∨
= 0. (35)

Considering (16), each of the systems Γρ
αρ
∨

= 0 and

∂
∂xν

(√
−gg

µν
∨
)
= 0 implies the other; this is proven by

showing that (9) implies the equation

∂

∂xρ

(√
−gg

µρ
∨
)
−

√
−ggµαΓρ

αρ
∨

= 0.

The second line of (30) vanishes because of Γσ
ασ
∨

= 0. If

we contract (30) �rst according to ρ and ν, then accord-
ing to µ and ρ we get the two equations

∇ρ

(√
−gg

µ
+
ρ
−
)
+ 1

2
∇ρ

(√
−gg

ρ
+
µ
−
)
= 0

∇ρ

(√
−gg

ρ
+
ν
−
)
+ 1

2
∇ρ

(√
−gg

ν
+
ρ
−
)
= 0.

(36)

Adding these two equations we get

∇ρ

(√
−gg

µ
+
ρ
−
)
+∇ρ

(√
−gg

ρ
+
µ
−
)
= 0. (37)

Equation (25) which was based on the de�nition of ab-
solute di�erentiation yields considering Γρ

αρ
∨

= 0 and

∂
∂xν

(√
−gg

µν
∨
)
= 0

∇ρ

(√
−gg

µ
+
ρ
−
)
−∇ρ

(√
−gg

ρ
+
µ
−
)
= 0. (38)

Hence ∇ρ

(√
−gg

µ
+
ρ
−
)

= 0 and ∇ρ

(√
−gg

ρ
+
µ
−
)

= 0.

Equation (30) reduces therefore to

∇ρ

(√
−gg

µ
+
ν
−
)
= 0. (39)

If we omit ∂
∂xν

(√
−gg

µν
∨
)

= 0, then he system of

�eld equations not weakened is therefore:

∇ρgµ
+
ν
−
=

∂gµν

∂xρ
− gανΓ

α
µρ − gµαΓ

α
ρν = 0,

Γλ
µλ
∨

= 0,

Rµν = 0,

∂

∂xλ
Rµν

∨
+

∂

∂xµ
Rνλ

∨
+

∂

∂xν
Rλµ

∨
= 0.
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On the other hand, we choose the Lagrangian func-
tion

L =
√
−ggµνRµν = δσα

√
−ggµνRα

µνσ (40)

in the Hamilton's principle

δ

∫
dτL =

∫
dτδ

(√
−ggµν

)
δσαR

α
µνσ +∫

dτδσα
√
−ggµνδRα

µνσ = 0. (41)

We vary (40) relative to the Γ′s:∫
dτδ

(√
−ggµν

)
Rµν +

∫
dτδσα

√
−ggµν[

∇σ

(
δΓ

α
+
µ
+
ν
−

)
−∇ν

(
δΓ

α
+
µ
+
σ
+

)]
. (42)

Then we can write (42) as:∫
dτδ

(√
−ggµν

)
Rµν +

∫
dτ∇σ

(√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
ν
−

)
−

∫
dτ∇σ

(√
−gg

µ
+
ν
−δ

σ
+
α
+

)
δΓα

µν

−
∫

dτ∇ν

(√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
σ
+

)
+

∫
dτ∇ν(√

−gg
µ
+
ν
−δ

σ
+
α
+

)
δΓα

µσ. (43)

Let us see what ∇σ

(
√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
ν
−

)
contributes to

the integral. That is,

∇λ

(√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
ν
−

)
=

∂
(√

−ggµνδΓσ
µν

)
∂xλ

+(√
−ggµνδΓσ

µν

)
Γλ
µλ
∨
. (44)

The �rst term is an ordinary divergence, and
hence contributes nothing to the integral. We see
that we need (2) to make the second term van-
ish. By subjecting the �eld to equation (2) we

make sure that ∇σ

(
√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
ν
−

)
(and similarly

∇ν

(
√
−gg

µ
+
ν
−δΓ

σ
+
µ
+
σ
+

)
) contributes nothing to the inte-

gral. So we may omit these from (43) and write:∫
dτδ

(√
−ggµν

)
Rµν +∫

dτ

[
−∇σ

(√
−gg

µ
+
ν
−δ

σ
+
α
+

)
+∇σ

(√
−gg

µ
+
σ
−δ

ν
+
α
+

)]
δΓα

µν (45)

Or since ∇σ

(
δ
ν
+
α
+

)
vanishes:

∫
dτδ

(√
−ggµν

)
Rµν +∫

dτ

[
−∇α

(√
−gg

µ
+
ν
−
)
+∇σ

(√
−gg

µ
+
σ
−
)
δ
ν
+
α
+

]
δΓα

µν (46)

We cannot conclude yet that the quantity in brackets
vanishes, because the Γλ

µν are not independent but satisfy
(2). But we could conclude the vanishing of these quan-
tities if they depended on only 60 parameters instead of

the 64 ∇α
+

(√
−gg

µ
+
ν
−
)
. This is actually so, for the fol-

lowing reason: we have the equation (25). By subjecting
the �eld to (2) and (3), we make sure that these four

quantities vanish. Hence only 60 of the ∇α

(√
−gg

µ
+
ν
−
)

are independent. The same must be true of the square
bracketed quantities in (46). Thus we can conclude from
(46) that all these vanish:

−∇α

(√
−gg

µ
+
ν
−
)
+∇σ

(√
−gg

µ
+
σ
−
)
δ
ν
+
α
+
= 0. (47)

Contracting with respect to ν and α we have

∇σ

(√
−gg

µ
+
σ
−
)
= 0. Hence all the ∇α

(√
−gg

µ
+
σ
−
)
van-

ish. Therefore also the ∇αgµ
+
σ
−
. Thus we have derived

that
∇ρgµ

+
ν
−
= 0. (48)

But we must remember that the
√
−ggµν satisfy (3).

This can be done most easily by setting equation (33) and
varying with respect to

√
−ggµν and

√
−ggµλτ , which are

independent. We get the equations

Rµν = 0,

∂

∂x
λ
•
Rµ

•
ν
•

∨

= 0.

This completes the derivation of the �eld-equations:

Γλ
µλ
∨

= 0,

∇ρgµ
+
ν
−
= 0,

Rµν = 0,

∂

∂xλ
Rµν

∨
+

∂

∂xµ
Rνλ

∨
+

∂

∂xν
Rλµ

∨
=

∂

∂x
λ
•
Rµ

•
ν
•

∨

= 0.

We can further justify the a priori assumption of (2)
by the fact that this equation is necessary and su�cient
to make Rµν a Hermitian tensor.
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The Bianchi's identities

A direct computation shows that the covariant derivate
of curvature tensor

∇λ
•
R

ρ
+
µ
+
ν
•
σ
•
= ∇λR

ρ
+
µ
+
νσ +∇νR

ρ
+

µ
+
σλ +∇σR

ρ
+

µ
+
λν

satis�es the identities:

∇λ
•
R

ρ
+
µ
+
ν
•
σ
•
=

∂

∂x
λ
•
Rρ

µν
•
σ
•
+Rα

µσ
•
λ
•
Γρ
αν

•
−Rρ

ασ
•
λ
•
Γα
µν
•
= 0. (49)

From (18) we can form the covariant curvature tensor
in analogy to the symmetric case,

Rµνλη = gαµR
α
νλη. (50)

The choice of gαµ instead of gµα may seem arbitrary,
but this is not really so. We have to lower the index ρ
in the identities (49). The contravariant index µ has the
+ di�erentiation character, so it must be summed with
a similar index, i.e. the �rst index of g. Only this way
can we lower the index µ in (49) without introducing
additional terms. Thus we get the covariant identities

gρα∇λ
•
R

ρ
+
µ
+
ν
•
σ
•
= ∇λ

•

(
gρ
+
α
−
R

ρ
+
µ
+
ν
•
σ
•

)
= ∇λ

•
Rα

−
µ
+
ν
•
σ
•
= 0. (51)

For what follows we must also �nd the symmetry
properties of Rαµνσ. From (18) it is clear that Rλ

µνσ

is antisymmetric in (νσ). From (50) we see that Rαµνσ

has the same property:

Rλµνσ = −Rλµσν . (52)

If we di�erentiate (1) with respect to σ and antisym-
metrize with respect to ρ and σ, we have

−∂gαν

∂xσ
Γα
µρ − ∂gµα

∂xσ
Γα
ρν +

∂gαν

∂xρ
Γα
µσ +

∂gµα
∂xρ

Γα
σν+

gαν

(
∂Γα

µσ

∂xρ
−

∂Γα
µρ

∂xσ

)
+ gµα

(
∂Γα

σν

∂xρ
−

∂Γα
ρν

∂xσ

)
= 0.

Using (1) again on the �rst four terms and then collecting
terms

−gαν

(
∂Γα

µρ

∂xσ
−

∂Γα
µσ

∂xρ

)
− gµα

(
∂Γα

ρν

∂xσ
− ∂Γα

σν

∂xρ

)
−

gανΓ
α
ησΓ

η
µρ − gµαΓ

α
σηΓ

η
ρν + gανΓ

α
ηρΓ

η
µσ + gµαΓ

α
ρηΓ

η
σν = 0

or using (18) and (50), we have

Rµνρσ = −R̃νµρσ. (53)

This expresses that Rµνρσ is anti-Hermitian in (µν); this
is the manner in which the antisymmetry of Rµνρσ(in the
gravitational theory) generalizes to our case.

In (51) it is not immediately clear that ∇λ
•
Rα

−
µ
+
ν
•
σ
•
is

a tensor. We are now in a position to give a more useful
form for (51) in which this is obvious, i. e.:

∇λRµ
−
ν
+
ρ
−
σ
+
+∇ρRµ

−
ν
+
σ
+
λ
+
+∇σRµ

−
ν
+
λ
−

ρ
−
= ∇λ

•
Rµ

−
ν
+
ρ
•
σ
•
−

RµνασΓ
α
λρ −RµνραΓ

α
σλ −RµναλΓ

α
σρ −

RµνσαΓ
α
λρ −RµναρΓ

α
σλ −RµνλαΓ

α
σρ. (54)

The �rst term on the right side of the equation vanishes
by (51), the last six cancel out due to (52). Therefore,

∇λRµ
−
ν
+
ρ
−
σ
+
+∇ρRµ

−
ν
+
σ
+
λ
+
+∇σRµ

−
ν
+
λ
−

ρ
−
= 0, (55)

where this equation is called �Bianchi's identities�. We
are now in a position to carry out the derivation of the
identities for the �eld equations. In analogy to the grav-
itational theory, we contract (55) by gµρgνρ. Making use
of (52), we get

gµρgνρ
[
∇λRµ

−
ν
+
ρ
−
σ
+
+∇ρRµ

−
ν
+
σ
+
λ
+
+∇σRµ

−
ν
+
λ
−

ρ
−

]
= 0

or using (9)

gνρ∇λ

(
g
σ
+
µ
−Rµ

−
ν
+
ρ
−
σ
+

)
− gνρ∇ρ

(
g
σ
+
µ
−Rµ

−
ν
+
λ
+
σ
+

)
−

gσµ∇σ

(
g
ν
+
ρ
−Rµ

−
ν
+
ρ
−
λ
−

)
= 0. (56)

Let us de�ne
Rµν = gσλRλµνσ (57)

Sσλ = gµνRλµνσ (58)

where

Rµν = gσλgαλR
α
µνσ = δσαR

α
µνσ =

∂

∂xσ
Γσ
µν +

Γη
µνΓ

σ
ησ − ∂

∂xν
Γσ
µσ − Γη

µσΓ
σ
ην . (59)

Then we have

gνρ
[
∇λRν

+
ρ
−
−∇ρRν

+
λ
+
−∇νSλ

−
ρ
−

]
= 0. (60)

We need some connection between R and S. From (52)
and (53) we see that

Rµνρσ = −R̃νµρσ = −Rνµρσ.

Multiply by gµσ (= g̃σµ) and sum:

Sρν = R̃νρ. (61)

If R were Hermitian, R and S would be identical.
Hence we have a new reason for requiring thatRµν should
be Hermitian. But from (59) we see that Rµν has an
anti-Hermitian part (compare with (8)):

1

2

(
Rµν − R̃νµ

)
=

1

2

(
−
∂Γρ

µρ

∂xν
+

∂Γρ
ρν

∂xµ

)
−

1

2
Γλ
µν (Γ

σ
σλ − Γσ

λσ) . (62)



20 Rev. Inv. Fis. 24(3), (2021)

If we use (11), then we have

1

2

(
Rµν − R̃νµ

)
= −1

2

∂Γρ
µρ
∨

∂xν
+

∂Γρ
νσ
∨

∂xµ
− Γλ

µνΓ
ρ
λρ
∨

 .

(63)
From this we see that Rµν is Hermitian if we subject

the �eld to the four conditions

Γλ
µλ
∨

= 0.

It then follows from (61) that

Sρν = Rρν , (64)

and (60) becomes

gνρ
[
∇λRν

+
ρ
−
−∇ρRν

+
λ
+
−∇νRλ

−
ρ
−

]
= 0. (65)

These identities hold for all �elds where Γ is de�ned
by (1) and is subject to (2). We might jump to the
conclusion that the �eld equations should stipulate the
vanishing of all Rµν . This set, together with (1) and (2)
would, however, be overdetermined. We can get a weaker
set of equations by observing how Rµν

∨
enters (65). The

contribution of Rµν
∨

to the equations is:

gνρ
(
∇λRνρ −∇ρRνλ −∇νRλρ

)
+

gνρ

∇λRν
+
ρ
−
∨

−∇ρRν
+
λ
+
∨

−∇νRλ
−

ρ
−
∨

 = 0

which can be written as

∇λ

(
gνρRνρ

)
−∇ρ (g

νρRνλ)−∇ν

(
gνρRλρ

)
+

gνρ
[

∂

∂xλ
Rνρ

∨
−Rαρ

∨
Γα
νλ −Rνα

∨
Γα
λρ

]
+

gνρ
[
− ∂

∂xρ
Rνλ

∨
+Rαλ

∨
Γα
νρ +Rνα

∨
Γα
λρ

]
−

gνρ
[

∂

∂xν
Rρλ

∨
+Rλα

∨
Γα
νρ +Rαρ

∨
Γα
νλ

]
= 0

this equation is equivalent to

∇λR−∇ρR
ρ
λ −∇νR

ν
λ+

gνρ
[

∂

∂xλ
Rνρ

∨
− ∂

∂xρ
Rνλ

∨
− ∂

∂xν
Rρλ

∨

]
= 0

or

∇ρ

(
Rρ

λ − 1

2
δρλR

)
+

gνρ
[

∂

∂xλ
Rνρ

∨
+

∂

∂xρ
Rλν

∨
+

∂

∂xν
Rλρ

∨

]
= 0,

that is

−gνρ∇ρ

(
Rλν − 1

2
gλνR

)
+ gνρ

∂

∂x
λ
•
Rν

•
ρ
•

∨

= 0.

Since we see that Rµν enters the equations only in
the combination ∂

∂x
λ•
Rν

•
ρ
•

∨

it is natural to choose the �eld

equations for Rµν
∨

as

∂

∂x
λ
•
Rν

•
ρ
•

∨

= 0

instead of Rµν = 0. So we get the �eld equations:

Γλ
µλ
∨

= 0,

Rµν = 0,

∂

∂x
λ
•
Rµ

•
ν
•

∨

= 0,

where the Γλ
µν are de�ned by:

∇ρgµ
+
ν
−
= 0.

The foregoing derivation shows how naturally we can
extend general relativity theory to a non-symmetric �eld,
and that the �eld-equations are really the natural gener-
alizations of the gravitational equations.

The theory of gravitational �eld as special

case

Let the gµν be symmetric. By changing µ to ν in (9) and
subtraction we obtain in understandable notation:

∇ρgµ
+
ν
−
−∇ρgν

+
µ
−
= gαν

(
Γα
µρ − Γα

ρµ

)
+gµα

(
Γα
ρν − Γα

νρ

)
= 0.

(66)
Therefore, the Γ are symmetric in the last two indices
as in Riemannian geometry and the theory of general
relativity, that is

Γα
µρ = Γα

ρµ (67)

Γα
ρν = Γα

νρ. (68)

The equations (9) can be resolved in a well-known man-
ner, and we obtain

Γλ
µν =

1

2
gλρ

(
∂gρµ
∂xν

+
∂gνρ
∂xµ

− ∂gµν
∂xρ

)
. (69)

Equation (69), together with (34) is the well-known law
of gravitation. If we have presumed the symmetry of
the gµν at the beginning, we would have arrived at (69)
and (34) directly. This seems to be the most simple and
coherent derivation of the gravitational equations for the
vacuum. Therefore it should be seen as a natural attempt
to encompass the law of electromagnetism by generaliz-
ing these considerations rightly.
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Relations to Maxwell's electromagnetic

theory

If there is an electromagnetic �eld, that means the gµν or
the

√
−ggµν do contain a skew-symmetric part, we can-

not solve the equations (9) any more with respect to the
Γα
µν , which signi�cantly complicates the clearness of the

whole system. We succeed in resolving the problem how-
ever, if we restrict ourselves to the �rst approximation.
We shall do this and once again postulate the vanishing
of Γλ

µλ
∨
. Thus we start with the ansatz

gµν = −δµν + γµν + γµν
∨

(70)

where by the γµν should be symmetric, and γµν
∨

the

skew-symmetric, both should be in�nitely small in �rst
order. We neglect quantities of second and higher orders.
Then the Γα

µν are in�nitely small in �rst order as well.
Under these circumstances the systems (9) and (10)

takes the more simple form

∂gµν
∂xρ

− Γν
µρ − Γµ

ρν = 0 (71)

∂gµν

∂xρ
+ Γµ

νρ + Γν
ρµ = 0. (72)

After applying two cyclic permutations of the indices µ,
ν and ρ two further equations appear. Then, out of the
three equations we may calculate the Γ in a similar man-
ner as in the symmetric case. One obtains

Γρ
νµ =

1

2

(
∂gρµ
∂xν

+
∂gνρ
∂xµ

− ∂gµν
∂xρ

)
. (73)

Equation (21) is reduced to the �rst and third term. If
we put the expression Γρ

νµ from (73) therein, we obtain

− ∂2gνµ
∂xρ∂xρ

+
∂2gρν
∂xρ∂xµ

+
∂2gρµ
∂xν∂xρ

− ∂2gρρ
∂xν∂xµ

= 0. (74)

Before further consideration of (74), we develop the series
from equation (2). Equation (2) then gives

(Gλ ≡)
∂γλα

∨

∂xα
= 0. (75)

Now we put the expressions given by (70) into (74) and
obtain with respect to (75)

−
∂2γνµ

∂xρ∂xρ
+

∂2γρν

∂xρ∂xµ
+

∂2γρµ

∂xν∂xρ
−

∂2γρρ

∂xν∂xµ
= 0 (76)

∂2γνµ
∨

∂xρ∂xρ
= 0. (77)

The expressions (76), which may be simpli�ed as usual
by proper choice of coordinates, are the same as in the
absence of an electromagnetic �eld. In the same man-
ner, the equations (75) and (77) for the electromagnetic

�eld do not contain the quantities γµν which refer to the
gravitational �eld. Thus both �elds are (in accordance
with experience) independent in �rst approximation.

The equations (75), (77) are nearly equivalent to
Maxwell's equations of empty space. Equation (75) is
one Maxwellian system. The equation (75) can be re-
placed considering Gλ = 0 by

(
Gµν

∨
≡
) ∂2γµν

∨

∂xα∂xα
= 0. (78)

We now have the identity

∂Gµν
∨

∂xν
−

∂3γµν
∨

∂xν∂xα∂xα
≡ 0

or

∂Gµν
∨

∂xν
− ∂2Gµ

∂xα∂xα
≡ 0. (79)

After di�erenciate equation (78) with to respect to ρ,
we found the next expression

∂Gµν
∨

∂xρ
− ∂2

∂xα∂xα

(
∂γµν

∨

∂xρ

)
= 0. (80)

After applying two cyclic permutations of the indices
µ, ν and ρ two further equations appear. Then, we ob-
tain

∂Gµν
∨

∂xρ
+

∂Gρµ
∨

∂xν
+

∂Gνρ
∨

∂xµ
− ∂2

∂xα∂xα(
∂γµν

∨

∂xρ
+

∂γρµ
∨

∂xν
+

∂γνρ
∨

∂xµ

)
≡ 0. (81)

Therefore, the equations which according to �eld
equations hold for an antisymmetric (electromagnetic)
�eld are

∂γλα
∨

∂xα
= 0 (82)

∂2

∂xα∂xα

(
∂γµν

∨

∂xρ
+

∂γρµ
∨

∂xν
+

∂γνρ
∨

∂xµ

)
= 0. (83)

If, in the equation (83), the expression inside the paren-
theses would itself vanish, then we would have Maxwell's
equations for empty space [53,54].
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Concluding remarks

A relativistic theory of the �eld has been presented, start-
ing from the �eld of in�nitesimal displacement. Also,
we calculated the curvature tensor and de�ne the con-
tracted curvature tensor. With this curvature tensor and
the variational principle, we deduced the �eld equations,
and Bianchi's identities. In consecuense, the �eld equa-
tions have been found from Bianchi's identities. In addi-
tion, if we were sure that a non-symmetric tensor gµν is
the right means for describing the structure of the �eld,
then we could hardly doubt that the above equations are
the correct ones. The foregoing derivation shows how
naturally we can extend general relativity theory to a
non-symmetric �eld, and that the �eld-equations are re-
ally the generalizations of the gravitational equations.
If there is an electromagnetic �eld, that means the gµν

or the
√
−ggµν do contain a skew-symmetric part, we

cannot solve the equations (9) any more with respect to
the Γα

µν , which signi�cantly complicates the clearness of
the whole system. We succeed in resolving the problem

however, if we restrict ourselves to the �rst approxima-
tion. Therefore, we obtain equation (75), the �rst sys-
tem of Maxwell's equations. If, in the equation (83),
the expression inside the parentheses would itself van-
ish, then we would have Maxwell's equations for empty
space, whose solutions therefore satisfy our equations.
Maxwell's equations of empty space seem to be too weak,
however, is not a (justi�ed) objection to the theory since
we do not know to which solutions of the linearized equa-
tions there correspond rigorous solutions which are reg-
ular in the entire space. It is clear from the start that
in a consistent �eld theory which claims to be complete
(in contrast e.g. to the pure theory of gravitation) only
those solutions are to be considered which are regular
in the entire space. Whether such (non-trivial) solutions
exist is as yet unknown.
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