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Abstract
In this paper, we have given a presentation of the relativistic theory of asymmetric �eld. It is our
aim to present a theory of gravitation and electomagnetism by a generalization of the concepts and
mathematical methods of the general relativity. We look for the formally most simple expression for the
law of gravitation in the absence of an electromagnetic �eld, and then the most natural generalization
of this law. This theory contain Maxwell's theory in the Lambda transformation.
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Sobre la teoría relativista del campo asimétricoResumen
En este trabajo, damos una presentación de una teoría relativista del campo asimétrico. Es nuestro
objetivo presentar una teoría de la gravitación y el electromagnetismo mediante una generalización de
los conceptos y métodos matemáticos de la relatividad general. Buscamos la expresión formalmente más
simple para la ley de la gravitación en ausencia de un campo electromagnético, y luego la generalización
más natural de esta ley. Esta teoría contiene la teoría de Maxwell en la tranformación Lambda.

Palabras clave: Relatividad General, tensor de curvatura, ecuaciones de campo, identidades de Bianchi..

1 Introduction

The �rst attempts of uni�cation of Einstein [1] and
Kaluza [2], other types of interactions di�erent from
gravity and electromagnetism, such as weak interaction
and strong interaction, have been the subject of various
attempts at uni�cation, and by the end of the 1960s the
electroweak theory was formulated [3�6]. In fact, it is a
uni�ed �eld theory of electromagnetism and weak inter-
action. Attempts to unify the theory of strong interac-
tion [7, 8] with the electroweak model and with gravity
have since remained one of the still pending challenges
of physicists.

In the beginning of 20th century, the mathematical
theories essential for the creation of the general relativ-
ity [9�17,17,19] were based on the Riemann metric, which
was considered as the fundamental concept of general
relativity. Although, it was later pointed out, correctly,

that the element of the theory that allows to avoid the
inertial system, it is rather the �eld of in�nitesimal dis-
placement. It replaces the inertial system to the extent
that the comparison of vectors at in�nitesimally close
points becomes possible.

In section 2, we present the parallel transport equa-
tion in order to de�ne the covariant derivative of a ten-
sor of rank one and the in�nitesimal displacement �eld
(a�ne connection). Using the parallel transport equa-
tion, the covariant derivative and the transformation law
of a second rank mixed tensor, we calculate the transfor-
mation equation of the a�ne connection. Additionally,
we de�ne the symmetric and antisymmetric part of the
displacement �eld, noting that if the a�ne connection
is symmetric, we arrive at the relativistic theory of the
gravitational �eld. In Section 3, by virtue of the a�ne
connection transformation law, we deduce the curvature
tensor and de�ne the contracted curvature tensor. In
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section 4, a new �eld is de�ned by a Lambda function, l,
where the curvature equations of the theory are invariant
under this transformation. In section 5, we construct a
new curvature tensor in terms of the pseudo tensor Uρησ.
In section 6, by de�ning the variational principle, we gen-
eralize the Einstein �eld equations, of General Relativity,
in the present theory, by means of the new curvature ten-
sor presented in section 5, additionally resulting in the
pseudo tensor

√
−gnµνλ . In section 7, we compute the

Bianchi di�erential identities, the di�erential identity re-
sulting from the Lambda transformation (which shows
us the role of the electromagnetic vector potential and
the current density equation).

2 In�nitesimal displacement �eld

If Aν is a vector in P1, and Aν + dAν is a vector shifted
at P2 along the interval dxν , then δAν is an in�nitesimal
quantity that indicates how much has been displaced the
vector �eld under consideration. Consequently, we can
write the equation used to express the in�nitesimal dis-
placement �eld:

δAλ = −ΓλµνA
µdxν , (1)

where the Γ are functions of x.
On the other hand, if Aµ is a vector �eld, the com-

ponents of Aµ at point P2 are equal to Aµ + dAµ, where

dAµ =
∂Aµ

∂xν
dxν .

The di�erence dAµ− δAµ in the vicinity of the point
Aλ + dAλ is a vector

Aλνdx
ν =

(
∂Aλ

∂xν
+ ΓλβνA

β

)
dxν ,

which relates the components of the vector �eld at two in-
�nitely close points. Furthermore, the quantity in paren-
theses is the covariant derivative of the vector �eld Aλ.
The tensor character of an arbitrary second rank tensor,
Aµν , determines the a�ne transformation law for the in-
�nitesimal displacement �eld. First, let us consider the
transformation law of that tensor

Aρ∗σ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
Aµν .

We substitute the covariant derivatives of both sides
in the transformation equation, for the original coordi-
nate system, and in the prime coordinate system, to �nd
the equation

∂

∂xσ∗

(
∂xρ∗

∂xη
Aη
)

+ Γρ∗τσ
∂xτ∗

∂xξ
Aξ =

∂xρ∗

∂xµ
∂xν

∂xσ∗
∂Aµ

∂xν
+
∂xρ∗

∂xµ
∂xν

∂xσ∗
ΓµλνA

λ,

where we have used the transformation law Aρ∗ = ∂xρ∗

∂xη
Aη. Due to the chain rule, the partial derivative of the �rst

term of the �rst member can be transformed, and as a result we �nd the equation

∂xα

∂xσ∗
∂2xρ∗

∂xα∂xη
Aη +

∂xα

∂xσ∗
∂xρ∗

∂xη
∂Aη

∂xα
+ Γρ∗τσ

∂xτ∗

∂xξ
Aξ =

∂xρ∗

∂xµ
∂xν

∂xσ∗
∂Aµ

∂xν
+
∂xρ∗

∂xµ
∂xν

∂xσ∗
ΓµλνA

λ,

that after algebraic manipulations:

Γρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Γµλν −

∂2xρ∗

∂xα∂xβ
∂xα

∂xσ∗
∂xβ

∂xη∗
(2)

or

Γρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Γµλν +

∂xρ∗

∂xα
∂2xα

∂xη∗∂xσ∗
. (3)

We call such equations, a pseudo tensor, like the law of a�ne transformation. For linear transformations it
changes like a tensor, while for non-linear transformations a term appears that does not contain the expression to be
transformed, but that only depends on the transformation coe�cients.

Making equations (2) and (3) symmetric or antisymmetric with respect to the lower indices, we obtain the two
equations

Γρ∗ησ

(
=

1

2

(
Γρ∗ησ + Γρ∗ση

))
=
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Γµλν −

∂2xρ∗

∂xα∂xβ
∂xα

∂xσ∗
∂xβ

∂xη∗
(4)

Γρ∗ησ
∨

(
=

1

2

(
Γρ∗ησ − Γρ∗ση

))
=
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Γµλν
∨
. (5)
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Therefore, the two parts (symmetric and antisymmet-
ric) transform independently. On the other hand, the
lower indices of the displacement �eld play completely
di�erent roles in the de�nition equation (1), so there are
no reasons that force us to limit the displacement �eld by
symmetry with respect to the lower indices. However, if
done, this leads to the relativistic theory of gravitation.

3 Curvature

Although the G-�eld does not itself have tensor charac-
ter, it implies the existence of a tensor. The latter is
most easily obtained by displacing a vector Aλ accord-
ing to δAλ = −ΓλρσA

ρdxσ along the circumference of an
in�nitesimal two-dimensional surface element and com-
puting its change in one circuit. This change has vector
character.

Let xρ
0

be the co-ordinates of a �xed point and xτ

those of another point on the circumference. Then
ξτ = xτ − xτ

0
is small for all points of the circumference

and can be used as a basis for the de�nition of orders of
magnitude. The integral

∮
δAλ to be computed is then

in more explicit notation

−
∮

ΓλστA
σdxτ

or

−
∮

ΓλστA
σdξτ .

Underlining of the quantities in the integrand indicates
that they are to be taken for successive points of the
circumference (and not for the initial point, ξτ = 0).

We �rst compute in the lowest approximation the
value of Aλ for an arbitrary point ξτ of the circumfer-
ence. This lowest approximation is obtained by replacing
in the integral, extended now over an open path, Γλστ and
Aσ by the values Γλστ and Aσ for the initial point of in-
tegration (ξτ = 0). The integration gives then

Aλ = Aλ − ΓλστA
σ

∫
dξτ = Aλ − ΓλστA

σξτ .

What are neglected here, are terms of second or higher
order in ξ. With the same approximation we obtain im-
mediately

Γλστ = Γλστ +
∂Γλστ
∂xη

ξη.

Inserting these expressions in the integral above we ob-
tain �rst, with an appropriate choice of the summation
indices,

−
∮ (

Γλστ +
∂Γλστ
∂xη

ξη
)(

Aλ − ΓσµνA
µξν
)
dξτ

where all quantities, with the exception of ξ, have to be
taken for the initial point of integration. We then �nd

−ΓλστA
σ

∮
dξτ − ∂Γλστ

∂xη
Aσ
∮
ξηdξτ +ΓλστΓσµνA

µ

∮
ξνdξτ

where the integrals are extended over the closed circum-
ference. (The �rst term vanishes because its integral van-
ishes.) The term proportional to (ξ)2 is omitted since it
is of higher order. The two other terms may be combined
into [

−
∂Γλην
∂xµ

+ ΓλανΓαµη

]
Aη
∮
ξµdξν

This is the change ∆Aλ of the vector Aλ after displace-
ment along the circumference. We have∮

ξµdξν =

∮
d (ξµξν)−

∮
ξνdξµ = −

∮
ξνdξµ.

This integral is thus antisymmetric in µ and ν, and in
addition it has tensor character. We denote it by f

µν
∨ . If

f
µν
∨ were an arbitrary tensor, then the vector character of

∆Aλ would imply the tensor character of the bracketed
expression in the last but one formula. As it is, we can
only infer the tensor character of the bracketed expres-
sion if antisymmetrized with respect to µ and ν. This is
the curvature tensor

Rβξλν ≡
∂Γβξλ
∂xν

−
∂Γβξν
∂xλ

+ ΓαξλΓβαν − ΓαξνΓβαλ. (6)

and

Rρ∗ησκ ≡
∂Γρ∗ησ
∂xκ∗

−
∂Γρ∗ηκ
∂xσ∗

+ Γα∗ησΓρ∗ακ − Γα∗ηκΓρ∗ασ, (7)

where the transformation law is:

R∗τ
ρση =

∂x∗τ

∂xλ
∂xµ

∂x∗ρ
∂xν

∂x∗σ
∂xκ

∂x∗η
Rλµνκ.

These equations are called the curvature tensor.
Also, we can contract the curvature tensor with re-

spect to ρ and κ to obtain the second rank covariant
tensor:

Rησ = Rρησρ ≡
∂Γρησ
∂xρ

+ ΓαησΓραρ −
(
∂Γρηρ
∂xσ

+ ΓαηρΓ
ρ
ασ

)
,

(8)
which is often called a contracted curvature tensor.
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4 The λ transformation

Curvature has an important property. For a displace-
ment �eld a new �eld is de�ned using the formula

Γρ∗µν = Γρµν + δρµ
∂λ

∂xν
, (9)

where the Lambda's function, is an arbitrary function of
the coordinates, and δλµ is the Kronecker's tensor de�ned
by

δρµ =

{
1, if ρ = µ,

0, if ρ 6= µ.
(10)

If the curvature tensor is formed in terms of Γρ∗µν by the
second member of equation (1), then the function λ van-
ishes, that is, the equations are satis�ed

Rλµνσ (Γ∗) = Rλµνσ (Γ) ,

Rµν (Γ∗) = Rµν (Γ) .

The curvature equations are invariant under the
transformation λ. From this we can say, a theory that
contains only the in�nitesimal displacement �eld in the

curvature tensor cannot completely determine this �eld,
but only a function λ, which remains arbitrary. In such
a theory Γρ∗µν and Γρµν represent the same �eld.

5 The pseudo tensor Uρ
ησ

It turns out that a new tensor can be formed from the
contracted curvature tensor, by introducing a pseudo-
tensor Uρησ instead of Γρησ. In equation (8) the two terms
that are linear in the displacement �eld can be formally
combined into one, to de�ne a new pseudo tensor, by the
equation

Uρησ ≡ Γρησ − δρσΓβηβ . (11)

By contraction with respect to ρ y σ

Uρηρ = −3Γρηρ,

we obtain the relation of Γρησ in terms of Uρησ

Γρησ ≡ Uρησ −
1

3
δρσU

β
ηβ . (12)

Substituting equation (12) in equation (8), we �nd the
expression:

Sησ =
∂Uρησ
∂xρ

− 1

3
UαησU

β
αβ +

1

9
UβηβU

β
σβ − U

α
ηρU

ρ
ασ +

1

3

(
UβηβU

α
ασ + UαηρU

β
αβδ

ρ
σ

)
− 1

9
UβηβU

λ
αλδ

α
ρ δ

ρ
σ

and we �nd the tensor, after doing index manipulations:

Sησ ≡
∂Uρησ
∂xρ

− UαηρUρασ +
1

3
UβηβU

α
ασ, (13)

where the new contracted curvature tensor is in terms of Uρησ.
If in equation (9) the Γρησ are replaced by the Uρησ, then we obtain

Uρ∗ησ = Uρησ + δρη
∂λ

∂xσ
− δρσ

∂λ

∂xη
. (14)

This equation de�nes the transformation λ for Uρησ. If in equation (3), we replace Γρ∗µν by Uρ∗µν with the help of (5.2)
we can calculate the equation

Uρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xξ

∂xη∗
Uµξν +

∂xρ∗

∂xα
∂2xα

∂xη∗∂xσ∗
+

1

3
Uβ∗ηβ δ

ρ∗
σ −

∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xξ

∂xη∗

(
1

3
Uβξβδ

µ
ν

)
,

and when we use the de�nition of equation (10), the third term of the preceding equation is transformed, to arrive at
the expression

Uρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xξ

∂xη∗
Uµξν +

∂xρ∗

∂xα
∂2xα

∂xη∗∂xσ∗
+

1

3
Uβ∗ηβ δ

ρ∗
σ −

1

3
δρ∗σ

∂xξ

∂xη∗
Uβξβ .

By virtue of the equation Γρ∗ηρ − ∂xξ

∂xη∗Γνξν = ∂xρ∗

∂xα
∂2xα

∂xη∗∂xρ∗ , �nally we �nd the equations

Uρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Uµλν +

∂xρ∗

∂xα
∂2xα

∂xη∗∂xσ∗
− δρ∗σ∗

∂xξ∗

∂xα
∂2xα

∂xη∗∂xξ∗
. (15)

Transformation equation for the pseudo tensor Uµλν in two arbitrary coordinate systems. Note that the indexes for
both systems take the values from 1 to 4 independently of each other, even if the same letter is used. Observing
this formula, it is worth noting that according to the last term it is not a symmetric transposition with respect to
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the indices η and ξ. This circumstance can be clari�ed by showing that this transformation can be considered as a
composition of a coordinate transformation, which is a symmetric transposition, and a λ transformation. To see it we
write the last term in the form:

−1

2

[
δρ∗σ∗

∂xτ∗

∂xα
∂2xα

∂xτ∗∂xη∗
+ δρ∗η∗

∂xτ∗

∂xα
∂2xα

∂xσ∗∂xτ∗

]
+

1

2

[
δρ∗η∗

∂xτ∗

∂xα
∂2xα

∂xσ∗∂xτ∗
− δρ∗σ∗

∂xτ∗

∂xα
∂2xα

∂xτ∗∂xη∗

]
.

The �rst of these two terms is a symmetric transposition. We combine this term with the �rst two terms of the
second member of (15) in an expression Kρ∗

ησ. Now let us consider, what we get, if the transformation

Uρ∗ησ = Kρ∗
ησ

is followed by the transformation λ

Uρ∗∗ησ = Uρ∗ησ + δρ∗η∗
∂λ

∂xσ∗
− δρ∗σ∗

∂λ

∂xη∗
.

The composition gives

Uρ∗∗ησ = Kρ∗
ησ + δρ∗η∗

∂λ

∂xσ∗
− δρ∗σ∗

∂λ

∂xη∗
.

This implies that (15) can be considered as such a composition provided that the term

1

2

[
δρ∗η∗

∂xτ∗

∂xα
∂2xα

∂xσ∗∂xτ∗
− δρ∗σ∗

∂xτ∗

∂xα
∂2xα

∂xτ∗∂xη∗

]
can be expressed in the form δρ∗η∗

∂λ
∂xσ∗ − δ

ρ∗
σ∗

∂λ
∂xη∗ . For which, it is su�cient to show that there exists a λ such that

1

2

∂xτ∗

∂xα
∂2xα

∂xη∗∂xτ∗
=

∂λ

∂xη∗
(16)

and

1

2

∂xτ∗

∂xα
∂2xα

∂xσ∗∂xτ∗
=

∂λ

∂xσ∗
. (17)

To transform these equations. First, we have to express ∂xτ∗

∂xσ
by the inverse transformation coe�cients, ∂xα

∂xβ∗
. On

one side,
∂xλ

∂xτ∗
∂xτ∗

∂xσ
= δλσ . (18)

For other
∂xλ

∂xτ∗
V στ∗ =

∂xλ

∂xτ∗
∂D

∂
(
∂xσ

∂xτ∗

) = Dδλσ . (19)

Here V στ∗ represents the factor that accompanies ∂xσ

∂xτ∗ and can be expressed as the derivative of the determinant

D =
∣∣∣ ∂xα
∂xβ∗

∣∣∣ with respect to ∂xσ

∂xτ∗ . Therefore, it has

∂xλ

∂xτ∗
∂ logD

∂
(
∂xσ

∂xτ∗

) = δλσ . (20)

From (18) and (19) it follows that
∂xτ∗

∂xσ
=

∂ logD

∂
(
∂xσ

∂xτ∗

) .
With this relationship, the �rst member of equations (16) and (17) can be written as

1

2

∂ logD

∂
(
∂xα

∂xτ∗

) ∂

∂xσ∗

(
∂xα

∂xτ∗

)
=

1

2

∂ logD

∂xσ∗
.

This implies that equations (16) and (17) are satis�ed by



26 Rev. Inv. Fis. 25(2), (2022)

λ =
1

2
logD.

Which proves that the transformation (15) can be considered as a composition of the symmetric transpose transfor-
mation

Uρ∗ησ =
∂xρ∗

∂xµ
∂xν

∂xσ∗
∂xλ

∂xη∗
Uµλν +

∂xρ∗

∂xα
∂2xα

∂xη∗∂xσ∗
− 1

2

[
δρ∗σ∗

∂xτ∗

∂xα
∂2xα

∂xτ∗∂xη∗
+ δρ∗η∗

∂xτ∗

∂xα
∂2xα

∂xσ∗∂xτ∗

]
, (21)

and a transformation λ. Equation (21) can be taken instead of (15) as the transformation formula for U . Any
transformation of the �eld U , which only changes its representation form, can be expressed as a composition of a
coordinate transformation according to (21) and a transformation λ.

6 Variational principle and �eld equations

The task of �nding the �eld equations, of a variational principle, has the advantage that the compatibility of the
resulting systems of equations is ensured, and that the di�erential identities related to covariance, the �Bianchi
identities�, in addition to the laws of divergence, result in a systematic way. When considering the action integral, it
is required as integrating at a scalar density. We build this density in such a way that an action is postulated of the
form

S

(
=

∫
d4x
√
−ggµνSµν

)
=

∫
dt

∫
d3xL

(√
−ggµν , Uρησ,

∂Uρησ
∂xλ

)
,

where
√
− |gµν | =

√
−g.

The variational principle is

δS =

∫
dt

∫
d3xδ

(√
−ggµνSµν

)
= 0,

where
√
−ggµν and Uρησ vary independently. The variations of these �elds cancel out at the border of the intergration

domain and the variation of the Lagrangian density, Lcampo =
√
−ggµνSµν , gives:∫

dt

∫
d3x

{
δ
(√
−ggησ

)
Sησ −

√
−gnµνλ δUλµν +

∂

∂xξ

[√
−ggµνδUξµν

]}
= 0,

where Sµν is the contracted curvature tensor and nµνλ is a pseudo tensor. The last term does not provide any
information, since δUρησ vanishes at the boundary. From this we obtain the �eld equations

Sησ ≡
∂Uρησ
∂xρ

− UαηρUρασ +
1

3
UβηβU

α
ασ = 0, (22)

√
−gnµνλ =

∂

∂xλ
(√
−ggµν

)
+
√
−ggην

(
Uµηλ −

1

3
δµλU

ξ
ηξ

)
+
√
−ggµη

(
Uνηλ −

1

3
δµλU

ξ
ηξ

)
, (23)

which are invariant with respect to coordinate transformations and the transformation λ.
In the case of the symmetric �eld we obtain the �elds equations most simply in the following manner. We use as

Lagrangian function the scalar density
LG =

√
−ggµνRµν (24)

where Rµν is the curvature tensor in the relativistic theory of gravitation.
If we vary the volume integral of LG, i. e.

δ
∫

LGd
4x = −

∫
d4x

[
∂
∂xµ

(
√
−ggµν) +

√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ

]
δΓρµν

+
∫
d4xδνρ

[
∂
∂xλ

(
√
−ggµν) +

√
−ggλσΓλλσ

]
δΓρµν −

∫
d4x
√
−g
(
Rµν − 1

2
gµνR

)
δgµν

independiently with respect to Γ and g, then variation with respect to Γ yields

−
[

∂
∂xµ

(
√
−ggµν) +

√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ

]
+δνρ

[
∂
∂xλ

(
√
−ggµν) +

√
−ggλσΓλλσ

]
= 0
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or
∂gµν
∂xρ

− gανΓαµρ − gµαΓαρν = 0 (25)

and variation with respect to g yields the equations Rµν − 1
2
gµνR = 0, or Rµν = 0.

The variation of the gravitational action,
∫
d4xLG, with respect to gµν leads to the Einstein's �eld equations of

general relativity, and the variation with respect to the a�ne connection, Γλµν , reveals that the connection is necessarily
the metric connection.

Another way of treating the Lagrangian density of the action proposed in the relativistic theory of the asymmetric
�eld can be characterized as follows. From

√
−ggµν and Rµν construct a Lagrangian density-function L whose integral

we vary independiently with respect to
√
−ggµν and Γαµν . The variation of the integral of L

δ
∫

L d4x = −
∫
d4x

[
∂
∂xµ

(
√
−ggµν) +

√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ

]
δΓρµν

+
∫
d4xδνρ

[
∂
∂xλ

(
√
−ggµν) +

√
−ggλσΓλλσ

]
δΓρµν +

∫
d4xδ (

√
−ggµν)Rµν

with respect to
√
−ggµνyields the 16 equations

Rµν = 0 (26)

the variation with respect to the Γαµν at �rst the 64 equations (see Appendix A)

∂ (
√
−ggµν)

∂xρ
+
√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ − δνρ

[
∂ (
√
−ggµσ)

∂xσ
+
√
−ggλσΓµλσ

]
= 0. (27)

If there were no bracket in (27) would imply the vanishing of

∂ (
√
−ggµν)

∂xρ
+
√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ, (28)

however, this would require the vanishing Γλνλ
∨
. We can resolve this di�culty in the following manner. We can compute

the equations of (27)

∂
∂xρ

(
√
−ggµν) +

√
−ggλνΓµλρ +

√
−ggλν∨ Γµλρ

∨
+
√
−ggµλΓνρλ +

√
−gg

µλ
∨ Γνρλ

∨
−
√
−ggµνΓλρλ

−
√
−gg

µν
∨ Γλρλ

∨
− δνρ

[
∂
∂xλ

(√
−ggµλ

)
+
√
−ggλσΓµλσ +

√
−ggλσ∨ Γµλσ

∨

]
= 0,

(29)

and
∂
∂xρ

(√
−gg

µν
∨
)

+
√
−ggλνΓµλρ

∨
+
√
−ggλν∨ Γµλρ +

√
−ggµλΓνρλ

∨
+
√
−gg

µλ
∨ Γνρλ −

√
−ggµνΓλρλ

∨

−
√
−gg

µν
∨ Γλρλ − δνρ

[
∂
∂xλ

(√
−gg

µλ
∨
)

+
√
−ggλσΓµλσ

∨
+
√
−ggλσ∨ Γµλσ

]
= 0.

(30)

If we contract the equation (30) with respect to ν and ρ

3

2

∂

∂xλ

(√
−gg

µλ
∨
)

+
√
−ggµλΓρλρ

∨
= 0. (31)

From this, we can deduce that the necessary and su�cient condition for Γρρλ
∨

= 0 is that ∂ρ
(√
−gg

µρ
∨
)

= 0. In order

to satisfy this identically it su�ces to asume

√
−gg

µν
∨ =

∂

∂xρ
(√
−ggµνρ

)
(32)

where
√
−gg

µν
∨ is a tensor density which is antisymmetric in all three indices. That is, we require that

√
−gg

µν
∨ be

derived from a �vector potential�. Therefore, we substitute in the Lagrangian density

√
−ggµν =

√
−ggµν +

∂

∂xρ
(√
−ggµνρ

)
(33)

and vary independiently with respect to the Γ then yields
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∂gµν
∂xρ

− gανΓαµρ − gµαΓαρν = 0. (34)

The variation respect to the
√
−ggµν and

√
−ggµλτ yields the equations

Rµν = 0, (35)

∂

∂xλ
Rµν
∨

+
∂

∂xµ
Rνλ
∨

+
∂

∂xν
Rλµ
∨

= 0. (36)

If we omit ∂
∂xν

(√
−gg

µν
∨
)

= 0, then the system of �eld equations not weakened is therefore:

Rµν = 0,

∂

∂xλ
Rµν
∨

+
∂

∂xµ
Rνλ
∨

+
∂

∂xν
Rλµ
∨

= 0,

Γλµλ
∨

= 0,

∂gµν
∂xρ

− gανΓαµρ − gµαΓαρν = 0.

The �eld equations (22) and (23) are the �eld equations of the relativistic asymmetric �eld theory. Furthermore,
the system of �eld equations not weakened is equivalent to the system (22) and (23), since it has been deduced from the
same integral by the variational method [20�24] (see other versions of non-symmetric theories of gravitation [20�33]
and quantum gravity [34�37]).

7 Di�erential Identities

The �eld equations are not independent of each other. To do this, we take an in�nitesimal transformation de�ned of
the form

xµ −→ xµ∗ = xµ + ξµ, (37)

where ξµ is an in�nitesimal vector.
Under the transformation law

√
−ggρσ∗ =

∂xρ∗

∂xµ
∂xσ∗

∂xν
√
−ggµν

∣∣∣∣ ∂xτ∂xτ∗

∣∣∣∣ ,
and with the help of equation (37), we obtain the variation (see appendix B)

δ
(√
−ggµν

)
=
√
−ggλν ∂ξ

µ

∂xλ
+
√
−ggµλ ∂ξ

ν

∂xλ
−
√
−ggµν ∂ξ

λ

∂xλ
+

[
−∂ (

√
−ggµν)

∂xλ
ξλ
]
, (38)

where δ (
√
−ggµν) =

√
−ggµν∗ −

√
−ggµν .

The variation for the pseudo tensor Uρµν ; with the help of equation (37) and equation (15), it is given by (see
appendix C):

δUρησ = Uρ∗ησ − Uρησ = Uλησ
∂ξρ

∂xλ
− Uρλσ

∂ξλ

∂xη
− Uρηλ

∂ξλ

∂xσ
− ∂2ξµ

∂xη∂xσ
+

[
−
∂Uρησ
∂xλ

ξλ
]
. (39)

In the variational calculus, the variations (38) and (39) represent the variations for �xed points of the coordinates.
To obtain these, the terms in the parentheses have to be added. If these transform variations are substituted; that is,
equations (38) and (39), in the integral∫

dt

∫
d3x

{
δ
(√
−ggησ

)
Sησ −

√
−gnµνλ δUλµν

}
,

it becomes, therefore, identically null. Considering that this integral depends linearly and homogeneously on ξµ and
its derivatives, it can be represented as follows
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∫
dt

∫
d3x
√
−gmµξ

µ = 0,

and through repeated integration by parts, the di�erential identities of the integrand are deduced, (
√
−gmµ ≡ 0), i.

e.,

√
−gnησρ

∂Uρησ
∂xν

+
∂

∂xλ

(√
−gnησν Uλησ

)
− ∂

∂xη
(√
−gnησρ Uρνσ

)
− ∂

∂xσ
(√
−gnησρ Uρην

)
(40)

−∂
2 (
√
−gnησν )

∂xσ∂xη
− ∂gησ

∂xν
Sησ −

∂

∂xλ

(
gλσSνσ

)
− ∂

∂xλ

(
gηλSην

)
+

∂

∂xν
(gησSησ) = 0,

or

−
√
−gnησρ

∂Uρησ
∂xν

+
∂

∂xη

[√
−gnλσν Uηλσ −

√
−gnησρ Uρην −

√
−gnησρ Uρνσ −

∂ (
√
−gnησ)

∂xσ

]
(41)

−∂g
ησ

∂xν
Sησ −

∂

∂xλ

(
gλσSνσ + gηλSην − δλν gησSησ

)
= 0,

with gµν =
√
−ggµν . These are four di�erential identities for the �rst terms of the �eld equations (22) and (23),

which are equivalent to the Bianchi identities.
There is a �fth identity corresponding to the invariance of the action integral with respect to in�nitesimal λ

transformations. By substituting δ (
√
−ggµν) = 0 and δUρµν = δρµ∂νλ− δρν∂µλ in the integral∫
dt

∫
d3x

{
δ
(√
−ggησ

)
Sησ −

√
−gnµνλ δUλµν

}
,

we �nd, ∫ √
−gnµνρ

(
δρµ

∂λ

∂xν
− δρν

∂λ

∂xµ

)
,

after an integration by parts:

2

∫
∂

∂xλ

(√
−gn

λσ
∨
σ

)
λd4x = 0

the desired identity

∂

(
√
−gn

λσ
∨
σ

)
∂xλ

≡ 0. (42)

For
√
−gn

µη
∨
η , from �eld equations (23), we �nd

√
−gn

µη
∨
η =

∂
(√
−gg

µη
∨
)

∂xη
= 0,

equation that expresses the nullity of the magnetic density and g
µη
∨ plays the role of the electromagnetic potential

vector. If we name

(Gλ ≡)
∂

∂xα

(√
−gg

µρ
∨
)

= 0 (43)

then (
Gµν
∨
≡
) ∂2

(√
−gg

µν
∨
)

∂xα∂xα
= 0. (44)

We now have the identity

∂Gµν
∨

∂xν
−
∂3
(√
−gg

µν
∨
)

∂xν∂xα∂xα
≡ 0
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or
∂Gµν

∨

∂xν
− ∂2Gµ
∂xα∂xα

≡ 0. (45)

After di�erenciate equation (45) with to respect to ρ, we found the next expression

∂Gµν
∨

∂xρ
− ∂2

∂xα∂xα

∂
(√
−gg

µν
∨
)

∂xρ

 = 0. (46)

After applying two cyclic permutations of the indices µ, ν and ρ two further equations appear. Then, we obtain

∂Gµν
∨

∂xρ
+
∂Gρµ

∨

∂xν
+
∂Gνρ

∨

∂xµ
− ∂2

∂xα∂xα

∂
(
√
−ggµν

∨

)
∂xρ

+

∂

(
√
−ggρµ

∨

)
∂xν

+

∂

(
√
−ggνρ

∨

)
∂xµ

 ≡ 0. (47)

Therefore, the equations which according to �eld equations hold for an antisymmetric �eld are

∂

∂xα

(√
−gg

µρ
∨
)

= 0 (48)

∂2

∂xα∂xα

∂
(
√
−ggµν

∨

)
∂xρ

+

∂

(
√
−ggρµ

∨

)
∂xν

+

∂

(
√
−ggνρ

∨

)
∂xµ

 ≡ 0. (49)

If, in the equation (49), the expression inside the
parentheses would itself vanish, then we would have
Maxwell's equations for empty space.

If this is taken, the expression

∂gµν
∨

∂xη
+
∂gνη
∨

∂xµ
+
∂gηµ
∨

∂xν
= 0, (50)

expresses the current density. Furthermore, the diver-
gence of this magnitude becomes identically zero [12�14].

The system (50) thus contains essentially four equa-
tions which are written out as follows:

∂g23
∨

∂x0
+
∂g30
∨

∂x2
+
∂g02
∨

∂x3
= 0, (51)

∂g30
∨

∂x1
+
∂g01
∨

∂x3
+
∂g13
∨

∂x0
= 0, (52)

∂g01
∨

∂x2
+
∂g12
∨

∂x0
+
∂g20
∨

∂x1
= 0, (53)

∂g12
∨

∂x3
+
∂g23
∨

∂x1
+
∂g31
∨

∂x2
= 0. (54)

This system correspond to the second of Maxwell's
system of equations. We recognize this at once by set-
ting

g23
∨

= Hx, g31
∨

= Hy, g12
∨

= Hz,

g10
∨

= Ex, g20
∨

= Ey, g30
∨

= Ez.
(55)

Then in place of (51), (52), (53) and (54) we may set, in
the usual notation of the three-dimensional vector anal-
ysis

− ∂
−→
H

∂t
= ∇×

−→
E , (56)

∇ ·
−→
H = 0. (57)

Now, we take 0 = ∂
∂xν

gµν
∨
we obtain

∇ ·
−→
E = 0, (58)

∇×
−→
H =

∂
−→
E

∂t
. (59)

Therefore, we deduce the Maxwel's �rst system. Thus
(48) and (49) are substantially the Maxwell's equations
[38�41] of empty space.

8 Concluding remarks

A generalization of the relativistic �eld theory has been
presented, starting from the in�nitesimal displacement
�eld, avoiding the concept of inertial system. Also, with
the transformation law of Γλµν , we calculate the curva-
ture tensor and de�ne the contracted curvature tensor.
However, later, we de�ne a pseudo tensor Uρησ in terms of
the in�nitesimal displacement �eld, with which, we �nd
another curvature tensor. With this curvature tensor
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and the variational principle, we deduce the �eld equa-
tions, the Bianchi di�erential identities and the di�eren-
tial identity of the electromagnetic vector potential.

Therefore, we obtain equation (48), the �rst sys-
tem of Maxwell's equations. If, in the equation (49),
the expression inside the parentheses would itself van-
ish, then we would have Maxwell's equations for empty
space, whose solutions therefore satisfy our equations.
Maxwell's equations of empty space seem to be too weak,
however, it is not a (justi�ed) objection to the theory
since we do not know to which solutions of the �eld equa-
tions there correspond rigorous solutions which are reg-
ular in the entire space. It is clear from the start that
in a consistent �eld theory which claims to be complete
(in contrast e.g. to the pure theory of gravitation) only
those solutions are to be considered which are regular in
the entire space.
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Appendix A: Variational principle

Hamilton's principle

The variational principle consists in �nding the extremes
of the Lagrangian density L , for the relativistic theory
of the asymmetric �eld. The action must be expressed
as an integral over space-time (with the volume-invariant
element) of a scalar function. The variational principle
for the relativistic theory of the asymmetric �eld is ex-
pressed in the form

S =

∫
L d4x, (60)

where L = R
√
−g is the scalar Lagrangian density and

g is the determinant of the metric tensor gµν . Making
small variations δgµν in the metric tensor gµν and keep-
ing the tensor gµν and its �rst derivatives constant on
the boundary, in e�ect, we can �nd that δS = 0 for δgµν
gives the �eld equations in the absence of matter.

Palatini's proposal

Palatini's proposal is very elegant and consists of the idea
of treating the metric and the connection as independent
�elds in the Einstein Lagrangian. To be more speci�c,
let's change L as a functional of gµν and Γσµν and its
derivatives only

L = L

(
gµν ,Γσµν ,

∂Γσµν
∂xρ

)
,

thus the Ricci tensor depends only on Γσµν and its deriva-
tives. So, if we carry out a variation with respect to gµν

and the principle of stationary action immediately gives

the �eld equations in vacuum Rµν . Starting from the
action in the form

S =

∫
gµνRµνd

4x,

we carry out a variation and use the Leibniz rule for
products, to obtain

δS =

∫
(δgµνRµν + gµνδRµν) d4x,

where we have written gµν =
√
−ggµν .

Now we use the Palatini equation [42]

δRµν = ∇ν
(
δΓσµσ

)
−∇σ

(
δΓσµν

)
,

in consequense

δS =

∫
δgµνRµνd

4x+

∫
gµν

[
−∇σ

(
δΓσµν

)
+∇ν

(
δΓσµσ

)]
d4x,

the second term vanishes, since the covariant derivative
of gµν vanishes identically, in other words, by making use
of the divergence theorem, this new quantity vanishes be-
cause the variations are assumed null at the frontier, to
obtain

δS = −
∫ √
−g
(
Rαβ − 1

2
gαβR

)
δgαβd

4x,

where we have used the equation

δ
√
−g =

1

2

√
−ggαβδgαβ .

By virtue of the steady-state action principle, we obtain
the �eld equations

Rαβ − 1

2
gαβR = 0 (61)

or

Rµν = 0.

Next we do a variation with respect to Γσµν , so

δS =

∫
gµν

[
∇ν
(
δΓρµρ

)
−∇ρ

(
δΓρµν

)]
d4x.

Integrating by parts and discarding the divergence term
by the usual argument, we get

δS =

∫ [
δνρ∇σgµσ −∇ρgµν

]
δΓρµνd

4x.

Since δS vanishes for an arbitrary volume, the integrand
must vanish, i.e.

δνρ∇σgµσ −∇ρgµν = 0.

The δΓρµν variations are arbitrary. In consecuense
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∂ (
√
−ggµν)

∂xρ
+
√
−ggλνΓµλρ +

√
−ggµλΓνρλ −

√
−ggµνΓλρλ − δνρ

[
∂ (
√
−ggµσ)

∂xσ
+
√
−ggλσΓµλσ

]
= 0. (62)

Appendix B: Variation of
√
−ggµν

If we consider the special case of an in�nitesimal transformation of coordinates, i. e., equation (37), where ξa is a
vector �eld. Then, when di�erentiating the proposed transformation, we �nd

∂x∗µ

∂xν
= δµν +

∂ξµ

∂xν
.

Substituting in the transformation equation

√
−ggρσ∗ =

∂xρ∗

∂xµ
∂xσ∗

∂xν
√
−ggµν

∣∣∣∣ ∂xτ∂xτ∗

∣∣∣∣
and using the Taylor's theorem to �rst order, we obtain

√
−ggµν∗ (x∗) ≈

(
δµρ δ

ν
σ + δµρ

∂ξν

∂xσ
+ δνσ

∂ξµ

∂xρ

)[√
−ggρσ (x∗)− ∂ (

√
−ggρσ)

∂xλ∗
ξλ
] ∣∣∣∣1− ∂ξτ

∂xτ∗

∣∣∣∣ .
Rearranging terms

gµν∗ (x∗) =

[
gµν (x∗) + gµσ

∂ξν

∂xσ
+ gρν

∂ξµ

∂xρ
− ∂gµν

∂xλ
ξλ
] ∣∣∣∣1− ∂ξτ

∂xτ∗

∣∣∣∣ ,
where gµν =

√
−ggµν . We consider terms to �rst order and subtracting gµν (x∗) from each side, it follows that

gµν∗ (x∗)− gµν (x∗) ≈ gµσ
∂ξν

∂xσ
+ gρν

∂ξµ

∂xρ
− ∂gµν

∂xλ
ξλ − gµν

∂ξτ

∂xτ∗
or

δgµν∗ = gµσ
∂ξν

∂xσ
+ gρν

∂ξµ

∂xρ
− ∂gµν

∂xλ
ξλ +

[
−gµν ∂ξ

τ

∂xτ∗

]
.

The preceding equation is equivalent to equation (38).

Appendix C: Variation of pseudo tensor Uλ
µν

Di�erentiating the transformation (37), it follows that

∂x∗µ

∂xν
= δµν +

∂ξµ

∂xν
.

Substituting this equation in (21) for the pseudo tensor U and using the �rst-order Taylor's theorem, we obtain the
expression

Uρ∗ησ (x∗) ≈
(
δµρ δ

ν
σδ
λ
η − δµρ δλη

∂ξν

∂xσ∗
+ δνσδ

λ
η
∂ξρ

∂xµ
− δρµδνσ

∂ξλ

∂xη∗

)[
Uµλν (x∗)−

∂Uµλν
∂xλ∗

ξλ
]

−
(
δρα +

∂ξβ

∂xα

)
∂2ξα

∂xη∂xσ
+ δρ∗σ∗

(
δβα +

∂ξβ

∂xα

)
∂2ξα

∂xη∗∂xβ∗

or, by neglecting second-order terms in ξµ:

Uρ∗ησ (x∗) = Uρησ (x∗) + Uαησ
∂ξρ

∂xα
− Uρλσ

∂ξλ

∂xη∗
− Uρηλ

∂ξλ

∂xσ∗
− ∂2ξρ

∂xη∗∂xσ∗
−
∂Uρησ
∂xλ∗

ξλ.

Also, subtracting Uρησ (x∗) from each side, it follows that

δUρ∗ησ (x∗) = Uαησ
∂ξρ

∂xα
− Uρλσ

∂ξλ

∂xη∗
− Uρηλ

∂ξλ

∂xσ∗
− ∂2ξρ

∂xη∗∂xσ∗
−
∂Uρησ
∂xλ∗

ξλ.

This equation is the variation of the pseudo tensor Uρησ (x∗).
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