ARTICULO ORIGINAL

Revista de Investigacion de Fisica 26(3), (Set-Dic 2023)
Doi: 10.15381/rif.v2613.23641

eISSN:1728-2977

Relativistic theory of gravitation for Modified Newtonian Dynamics

Mississippi Valenzuela, *1-2

L Universidad Nacional Auténoma de México, Instituto de Fisica, Departamento de Fisica Tedrica, Apartado
Postal 20-364, Cd. México 01000, México
2 Universidad Auténoma de Zacatecas,
Unidad Académica de Ciencia y Tecnologia de la Luz y la Materia, Circuito Marie Curie S/N, Parque
Cientifico y Tecnolégico QUANTUM Ciudad del Conocimiento, Zacatecas 98160, Zacatecas, México

Recibido 13 Set 2022 — Aceptado 2 Oct 2023 — Publicado 1 Dic 2023

Abstract

Modified Newtonian dynamics (MOND) is a hypothesis that proposes a modification of Newton’s law
of universal gravitation to account for observed properties of galaxies. This theory is an alternative to
the hypothesis of dark matter in terms of explaining why galaxies do not appear to obey the currently
understood laws of physics. In this work, we present a relativistic theory of gravitation for MOND.

Keywords: Field equations, MOND.

Teoria relativista de gravitacion para la dinamica Newtoniana modificada

Resumen

La dinamica newtoniana modificada (MOND) es una hipotesis que propone una modificacion de la ley
de gravitacion universal de Newton para dar cuenta de las propiedades observadas de las galaxias. Esta
teoria es una alternativa a la hipdtesis de la materia oscura en términos de explicar por qué las galaxias
no parecen obedecer las leyes de la fisica actualmente entendidas. En este trabajo presentamos una
teoria relativista de la gravitaciéon para MOND.
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2 DModified Newtonian dynamics theory
(MOND)

1 Introduction

A viable explanation for the questions that have been

raised about dark matter is to assume that gravity is not
well understood. If we adopt the modified Newtonian dy-
namics (MOND) theory [1-6], this theory corrects New-
ton’s laws for small accelerations [7] [8].

However, the construction of a Relativistic MOND
theory has been generating difficulties and it is not clear
how it can be reconciled with gravitational lensing mea-
surements of the bending of light around galaxies. The
main relativistic MOND theory was proposed by Jacob
Bekenstein in 2004 [9]. Bekenstein’s theory solves many
of the problems of earlier attempts. A modified theory
of gravity proposed by John Moffat [10] [11] and others
nonsymmetric theories of gravitation [12-24].

*mvalenzuelalumat@uaz.edu.mx

MOND is a phenomenological modification to Newtonian
dynamics, i. e., from Newton’s second law. In the New-
tonian theory of gravity, the gravitational acceleration in
the static, spherically symmetric field of a point mass M
at a distance R from the source can be written in the

a =-Vo,

where G is Newton’s constant of gravitation and ¢ =
—% is the gravitational potential. The corresponding

force acting on a test mass m is

F— md;: = —mV, (1)
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where the acceleration has been defined as the second
derivative of the trajectory of the test particle with res-
pect to time.

MOND is characterized by a scalar acceleration ao,
not a scalar distance, and its derivation from the Newto-
nian prediction is time dependent. To explain the anoma-
lies of the rotation curves of spiral galaxies, Milgrom pro-
posed a modification to equation (1) of the form

u <W> 3 =-Vo. (2)

o)

ao

Here p(z) = z, if x < 1 and p(z) — 1 for x > 1. Note
that MOND is not a complete theory, that is, it violates
the principle of conservation of linear momentum.

3 AQUAL: Reformulation of the non-
relativistic field of MOND

Empirically, when describing the motions of test parti-
cles, eg stars in the collective field of a galaxy, equation
(2) is not quite correct. It can be verified that a pair of
accelerated particles, one in the field of the other, accord-
ing to equation (2) does not preserve the conservation of
momentum. Therefore, the MOND formula itself is not a
physical theory. Instead of this equation, we preserve the
Galilean and rotational invariance of a Lagrangian den-
sity, £, which gives us Poisson’s equation, but we keep
the linearity requirement of the differential equation in
place. By virtue of the previous considerations, for the
conservation of such a physical law (principle of conser-
vation of momentum), we propose a first non-relativistic
generalization of MOND. This theory, called AQUAL
(for its acronym in English, A QUAdratic Lagrangian)
is based on the Lagrangian density

s (50 e, )

< = T 8rG

where pis the mass density, ap = 1x10~8 <7 is an acceler-
ation scale introduced for dimensional consistency, and f
is an arbitrary function dimensionless. In the Newtonian
theory of gravitation (Poisson’s equation) it corresponds
to the change f (y) = y. From equation (3), we can find
the equation of gravitational field

V. {,u (m> V@} = 4nGp, (4)
ao
where p (\/ﬂ) = dj;(;). By virtue of the Lagrangian den-

sity, this theory has been called AQUAL.

For systems with spherical, cylindrical or planar sym-
metry, equation (4) can be integrated. With the usual
definition of Newtonian gravitational acceleration, a =
—V®, the solution corresponds precisely to equation (2),
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MOND formula. This is no longer true for low symme-
tries. However, numerical integration reveals that equa-
tion (2) has an approximate degree of truth. The men-
tioned inaccuracy of the MOND equation for systems of
a discrete collection of particles is in violation of the con-
servation laws.

Summarizing, when the parts of a system lacking
high symmetry move with small accelerations on the
scale ap, the field V& is calculated from the solution
of the AQUAL equation, that is, the equation (4).
AQUAL becomes the non-relativistic theory of the gravi-
tational field, from which the relativistic formulation of
the MOND paradigm is modeled, that is, the TeVeS the-
ory.

4 Relativistic theory of gravitation

A relativistic MOND theory is essential if gravitational
lensing for extragalactic and cosmological systems is to
be understood without relying on dark matter. The
fundamental principles on which the TeVeS relativistic
MOND theory is based (the acronym for TeVeS means,
for the acronym in English, Tensor-Vector-Scalar grav-
ity) are: least action, relativistic invariance, equivalence,
causality, and derivations of Newtonian gravity [4].

Fields and Actions

TeVesS is based on three dynamic gravitational fields: an
Einsteinian metric g,, with a well-defined inverse g"”,
a time quadrivector U,, such that ¢*?U,Us = —1, and
a scalar field ¢ and a non-dynamic scalar field 0. The
physical metric in TeVeS is obtained by extending the
Einstein metric in space-time directions orthogonal to
U® = g*PUj; by a factor exp (—2¢), while going back by
the same factor in the direction parallel to U“:

Guv = exp (=2¢) (guv + UuUy) — exp (2¢) U, U, =
exp (—2¢) guv — 2U, U, sinh (2¢) . (5)

So the inverse metric is

" = exp (2¢) g +2U"U” sinh (26). (6)

The TeVeS action can be written as

STeves = /(.iﬂc + Lo+ Ly + L) d e (7)

The geometric part of the action is formed by the Ricci
tensor R, in terms of the metric tensor g,., that is

_ 1 4 Empew 17
Sa = 1671G’/d zv/—g9"" R, (8)

where /=g = \/T,WI
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In terms of two positive constant parameters, k and
¢, the action for the pair of scalar fields is expressed as

Ss = —% /d4x\/—g

2, 50 09 09 1o 2
o“ht Dor B + §G€—2F (kGo )} , (9)
where h*Y = ¢g"* — U*U", F is a free function, ¢
is dimensionless, the terms of ¢ have dimension G~*.
Consequently, k£ is a dimensionless constant, while ¢ is a
constant length.
The action of the vector U* is given by the equation

_ K 4 — afl pv
3271'G/d z/~glg™" g (

8U@ 8UV )\ 727
(5\xu - aﬂ%) -2 (f) (¢""UU + 1)]7 (10)

here X is the space-time dependent Lagrange mul-
tiplier to fulfill the normalization of the equation
go‘BUaUg = —1 while K is a dimensionless constant,
since U" is dimensionless. So TeVeS has two dimension-
less parameters, k and K, in addition to the dimensional
constants G and £.

According to the equivalence principle, the action for
matter in TeVeS is obtained from transcribing the La-
grangian density for flat spacetime & (v, f,0uf<, ...)
times a Lagrangian density, for the material fields, using
the following formula

s — O 8UH> y

oxH ox~

Field Equations

To find the field equations of the TeVeS gravitational the-
ory, we vary the total action S = Sg+ Ss + S, + S, with
respect to the fields ¢"”, ¢, o and U,. For this, we take
the variation of equation (6)

55" = exp (26) 89" +

2sinh (2¢) U, (6¢°*U" + 0”7 U*) +
2sinh (2¢) (U*g"? + U"¢"*) 6U, +

2 [exp (2¢) g"” + 2U"U" cosh (2¢)] §¢.

(12)

When we vary Sg with respect to g"”, that is, we
carry out a variation with respect to g, we obtain [25]

1
68 = — / V=g (R’W - 59“"1%) Sguvd’e,
where we have used the equation

1 v
o/~ =§x/—gg“ 3G

By virtue of the principle of gravitational action, we ob-
tain the field equations

Ry (Rw _ %gwR) —_JDGM =0, (13)

On the other hand, if we consider the total action S, and
take its variation, equation (13) takes the form:

1
R, — §g;wR = 87 X

{,ﬁw + [1 — €Xp (_4¢)} U’ (TPNUV + TPVUB) + AMV} (14)
+O0.

S = /d4l‘v —9Z (Guos 5 VL7500, (11)
where \/—g = exp (—2¢) v/—g. where:
_ 2| 0000 1 ;0 9% 000 9¢ 96 1199
Buv =0 L?mo‘ oz8 27 Bge dan I v OxP Un oxv +U Oz+ 2U dan I
1 0%
71G£72F (k‘GO'2) gHVv

ou, oU, oUu, 0U 1
— on ((OUp  OUpn n_OUy) 1
Ow =K [g (81’“ oxP ) (&t” Oxn ) 4

If we vary the action Ss, with respect to o, we obtain a relationship between o and 5

— kGo®F — % (kGo?)®

where pu = kGo?.

dF (p)

OUa OU,\ (0Us U,

af _pn a p B n B

g g (axp 8$a) (83;77 8.1}/8) gy.u:| /\U,uUu-
99
xh

ap O 00
al (p) _ 5 208 0P 00
dp R Baa o8 (15)
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Next, to carry out the variation with respect to ¢, it must be remembered that this quantity enters into action
for material fields exclusively through g*”, so using equations (12) and take the variation of the action S,,, we found

that

A\ (0’2hul’%) = {g"" 4+ [1 + exp (—4¢)| U"U"} Ty, (16)

Ozt

Since equation (16) is an equation for ¢ only, with T}, as the source. We define a function y (y) of the form

—nF (n)

1 2dF (p)

=Y

s0, kGo? = pu (k€*h** 22 22.) Consequently, equation (16) takes the form

ozk §zB

V. [M (kﬁf’naﬁ@) h

OxP Oxn oxt

W@}

{g" +[1 + exp (—4¢)| U"U"} Ty, (17)

In this equation, in quasi-static situations, we can replace h*” by g"”, so equation (17) has the same structure as

equation (4).

The variation of S with respect to Uy, and using equation (12), gives the vector equation

KV (V"Uﬂ - VBU") F AU + 87Go’U

B @gw %
oz ozP

= 87G [1 — exp (—4¢)] ™" U T,5. (18)

As already mentioned above, A is a Lagrange multiplier. Therefore, by contraction of equation (18) with U, and

substituting the result, we obtain

KV (VOU7 = VU™) + KUU, Vs (VU7 = VU7 ) + 87Go

ozh oz ozh

Uﬁ@ga/\% +y° (Uﬂﬁ> :|

— 871G [1 — exp (—4¢)] (ga”Uﬁ'ﬁLg + U“UBU*fw) . (19)

This equation has only three independent compo-
nents, that is, taking into account that both sides of the
equation are orthogonal to U,,.

5 Concluding remarks

In the extragalactic region, where the Newtonian theory
of gravitation has had an excellent description, the ac-
celerations of the stars and gases are much larger than
those generated by the Newtonian gravitational field of
the visible matter in the system. This is the "mass loss"

or "acceleration discrepancy" problem. It is elegant to
infer the existence of dark matter in systems the size of
dwarf spheroidal galaxies with mass ~ 10° M, for galaxy
clusters in the 10'® Mg regime [26,27]. And again, galax-
ies and galaxy clusters are found by gravitational lens-
ing. When interpreted by general relativity, gravitational
lensing is large and anomalous, unless the presence of
dark matter, in quantities, with distribution similar to
dwarf galaxies, is assumed to explain the accelerations of
stars and gases. But dark matter has not been detected
at all, despite much experimental and observational ef-
fort.
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