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Abstract
Cosmic Background Radiation (CMB) has resulted in anomalies or deviations from the standard model
of cosmology. Consequently, we propose to study Bianchi spacetimes with cosmological constant by
applying the Arnowitt-Desser-Misnes (ADM) formalism of general relativity in the Hamiltonian version.
From the Lagrangian density L and with the use of the Legendre transformation we can calculate the
Hamiltonian density H and the Poisson parentheses. Subsequently, we present the equations of motion
for each of the Bianchi spacetimes. In addition, we discuss some theoretical consequences in these
equations when we take the limit Ω → −∞ and the parameters β+ and β− �xed, consequently, we �nd
that the dependent part of the gravitational potential of the Hamiltonian density tends to zero and from
the equations of motion we �nd the constant of motion, pΩ = pβ+ = pβ− = constant. On the other
hand, Friedmann-Lemaitre-Robertson-Walker (FLRW) models can be generalized only to some Bianchi
models. The Bianchi type I and VII models are a generalization of the Euclidean FLRW model (k = 0),
the Bianchi type IX for the spherical FLRW model (k = 1) and the Bianchi types V and VII are for the
hyperbolic FLRW model (k = −1). The rest of the Bianchi models do not contain the FLRW models
as a particular case.
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Formalismo Hamiltoniano de los modelos de Bianchi con constante cosmológica

Resumen
La Radiación Cósmica de Fondo (CMB) ha dado como resultado anomalías o desviaciones con respecto
al modelo estándar de la cosmología. En consecuencia, proponemos estudiar los espacio-tiempo de
Bianchi con constante cosmológica aplicando el formalismo de Arnowitt-Deser-Misner (ADM) de rela-
tividad general en su versión Hamiltoniana. A partir de la densidad Lagrangiana L y con el uso de
la transformación de Legendre podemos calcular densidad Hamiltoniana H y los paréntesis de Pois-
son. Posteriormente, presentamos las ecuaciones de movimiento para cada uno de los espacio-tiempo
de Bianchi. Además, discutimos algunas consecuencias de carácter teórico en dichas ecuaciones cuando
tomamos el límite Ω → −∞ y los parámetros β+ y β− �jos, en consecuencia, encontramos que la parte
dependiente del potencial gravitacional de la densidad Hamiltoniana tiende a cero y de las ecuaciones
de movimiento encontramos la constante de movimiento, pΩ = pβ+ = pβ− = constante. Por otro lado,
los modelos cosmológicos Friedmann-Lemaitre-Robertson-Walker (FLRW) se pueden generalizar sólo a
algunos modelos cosmológicos de Bianchi. Los modelos Bianchi tipo I y VII0 son una generalización
del modelo FLRW Euclídiano (k = 0), el Bianchi tipo IX para el modelo cosmológico FLRW esférico
(k = 1) y los Bianchis tipo V y VIIh lo son para el modelo FLRW hiperbólico (k = −1). El resto de los
modelos de Bianchi no contiene a los modelos FLRW como un caso particular.
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1 Introduction

The homogeneity and isotropy of cosmological models are
related to the intrinsic symmetries of a variety. A very
viable way to classify the di�erent cosmological mod-
els is through their symmetries. Symmetries or isome-
tries leave invariant to the metric tensor. The �elds
that generate these symmetries are called Killing vector
�elds [1�6]. These vector �elds are de�ned as [7]:

LXgµν = 0. (1)

Bianchi's cosmological models are homogeneous,
therefore, these models have Killing vectors associated
with this symmetry. However, Killing vectors satisfy the
property:

[Xµ, Xν ] = Cλ
µνXλ,

where Cλ
µν are the structure constants. Bianchi models

are classi�ed according to the structure constants [8�11].
In this article the ADM formalism [12�22] of general

relativity is applied to the di�erent cases of the Bianchi
models type A and B. These cosmological models are an-
alyzed with cosmological constant. First, a general model
for Bianchi's cosmological models is described; where we
deduced the Lagrangian density L . Subsequently, we
develop the Hamiltonian density H. Finally, the Hamil-
tonian density H is applied to deduce the dynamics of
the Bianchi models.

2 General model

In Misner's notation, the metric of the Bianchi models
can be written as [23]

ds2 = −N2dt2 + e2Ω(t)e2βij(t)ωiωj , (2)

whereN (t) is the lapse function, ωi called the di�erential
1-form, e2Ω(t) is the scale factor of the Universe and βij

determines the anisotropic parameters β+ (t) and β− (t)
as follows

βij =

 β+ +
√
3β− 0 0

0 β+ −
√
3β− 0

0 0 −2β+

 . (3)

In this general model of the Bianchi models, the shift
function is not stipulated in the metric of equation (2),
therefore in the subsequent developments for the Bianchi
models that will be treated it will not appear as a dy-
namic variable. The term hij = e2Ω(t)eβij(t) of the sec-
ond term of equation (2) is compared with the term gab
of the ADM formalism of general relativity and we in-
tuit that the dynamical variables for the Bianchis are
Ω, β+, β−, since the lapse function with N = exp (3Ω) is
the physical norm.

The non-zero components of extrinsic curvature; us-
ing equations (2) and (3) and equation

Kµν =
hρ
µh

σ
ν

2N

(
∂hρσ

∂t
−∇ρNσ −∇σNρ

)
,

are given by:

K11 =
1

N

(
dΩ

dt
+

dβ+

dt
+

√
3
dβ−

dt

)
exp

[
2
(
Ω+ β+ +

√
3β−

)]
,

(4)

K22 =
1

N

(
dΩ

dt
+

dβ+

dt
−

√
3
dβ−

dt

)
exp

[
2
(
Ω+ β+ −

√
3β−

)]
,

(5)

K33 =
1

N

(
dΩ

dt
− 2

dβ+

dt

)
exp [2 (Ω− 2β+)] . (6)

The trace of the extrinsic curvature is given by

K = hijKij = − 3

N

dΩ

dt
. (7)

Given √
det (hij) = exp [3Ω (t)] ,

and inserting equations (4), (5), (6) and (7) into the
Einstein-Hilbert action of the ADM variables (see ap-
pendix A)

S[gab, N,Na] =∫
dt

∫
d3xN

√
det (hij)

(
(3)R−K2 +KµνK

µν − Λ
)
, (8)

the Lagrangian density is expressed by

L =
6 exp (3Ω)

N

[
−
(
dΩ

dt

)2

+

(
dβ+

dt

)2

+

(
dβ−

dt

)2
]

+N exp (3Ω)
(
(3)R− Λ

)
(9)

The conjugate moments for the dynamic variables
Ω, β+, β− are given by

pΩ =
∂L

∂Ω̇
= −12

N

dΩ

dt
exp (3Ω) , (10)

pβ+ =
∂L

∂β̇+

=
12

N

dβ+

dt
exp (3Ω) , (11)

pβ− =
∂L

∂β̇−
=

12

N

dβ−

dt
exp (3Ω) . (12)

Using the Legendre transformation [24, 25], equation
(9) and equations (10), (11) and (12); we calculate the
Hamiltonian density from the equation

H = pΩ
dΩ

dt
+ pβ+

dβ+

dt
+ pβ−

dβ−

dt
− L ,

resulting
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H =
N

24
exp (−3Ω)

(
−p2Ω + p2β+

+ p2β−

)
−

N exp (3Ω)
(
(3)R− Λ

)
, (13)

where the three-dimensional curvature scalar is given
by [26�29]

(3)R = Ci
jkC

l
mnhilh

kmhjn + 2Ci
jkC

k
lih

jl + 4Ci
ikC

j
jmhkm,

(14)
where Ci

jk are the structure constants and hij =

e2Ω(t)eβij(t).
Equation (13) constitutes a Hamiltonian constraint in

the ADM formalism of general relativity (see appendix
A). Therefore, H ≈ 0 reproduces Einstein's �eld equa-
tions. The shift function Na does not appear in equa-
tion (2), therefore, the equation −2hacN

cDbπ
ab = NcHc

will not be considered, then there are not di�eomorphism
constraints for the Bianchi models.

The classical Poisson brackets for the dynamic vari-
ables considered are

{xi, xj} = 0,
{pi,pj} = 0,
{xi, pj} = δij ,

(15)

where xi = Ω, β+, β− and pi = pΩ, pβ+,pβ− with i =
1, 2, 3.

Next, we develop the formalism of the Bianchi models
A and B.

3 Class A

Bianchi I

The constants of the Bianchi I are null, that is, Ci
jk = 0

[9]. Therefore; from equation (13) and using equation
(14), the Hamiltonian density is expressed by the equa-
tion

HI =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+ Λexp (6Ω) , (16)

where N = exp (3Ω). From equation (16) we �nd the
equations of motion

dΩ

dt
= {Ω,HI} =

∂Ω

∂Ω

∂HI

∂pΩ
− ∂HI

∂Ω

∂Ω

∂pΩ
= − 1

12
pΩ, (17)

dβ+

dt
= {β+,HI} =

∂β+

∂β+

∂HI

∂pβ+

− ∂HI

∂β+

∂β+

∂pβ+

=
1

12
pβ+ ,

(18)

dβ−

dt
= {β−,HI} =

∂β−

∂β−

∂HI

∂pβ−
− ∂HI

∂β−

∂β−

∂pβ−
=

1

12
pβ− ,

(19)

dpΩ
dt

= {pΩ,HI} =
∂pΩ
∂Ω

∂HI

∂pΩ
−∂HI

∂Ω

∂pΩ
∂pΩ

= −6Λ exp (3Ω) ,

(20)

dpβ+

dt
=

{
pβ+ ,HI

}
=

∂pβ+

∂β+

∂HI

∂pβ+

− ∂HI

∂β+

∂pβ+

∂pβ+

= 0,

(21)

dpβ−

dt
=

{
pβ− ,HI

}
=

∂pβ−

∂β−

∂HI

∂pβ−
− ∂HI

∂β−

∂pβ−

∂pβ−
= 0.

(22)
Integrating the ordinary di�erential equations (21)

and (22), we obtain the results

pβ+ = p0β+ = constante, (23)

pβ− = p0β− = constante, (24)

and from equations (18) and (19)

β+ =
1

12
p0β+t+ β0+, (25)

β− =
1

12
p0β−t+ β0−. (26)

To integrate equations (17) and (20), we note that

dpΩ
dt

= 4A2 − 1

4
p2Ω, (27)

where A is a constant. The integration of equation (27)
depends on the sign of the cosmological constant. If
Λ > 0, then from equation (20) we have dpΩ

dt
< 0. The

integration of the di�erential equation (27) gives

ln

(
4A+ pΩ
4A− pΩ

)
= 2A (t+ t0) ,

then pΩ is
pΩ = 4A tanh [A (t+ t0)] . (28)

The integration of equations (17) and (20) generates

Ω(t) =
1

6
ln

{
2A2

−3Λ

[
1− tanh2 A (t+ t0)

]}
. (29)

If Λ < 0, then from equation (20) we have dpΩ
dt

> 0.
The integration of the di�erential equation (27) gener-
ates

pΩ = 4A coth [A (t+ t0)] . (30)
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The integration of equations (17) and (20) leads to

Ω(t) =
1

6
ln

{
2A2

3Λ

[
coth2 A (t+ t0)− 1

]}
. (31)

Finally, for the Bianchi I with null cosmological con-
stant, Λ = 0, we have that dpΩ

dt
= 0 and the equation of

motion for Ω is similar to β+ and β−

pΩ = p0Ω, Ω(t) = − 1
12
p0Ωt+Ω0. (32)

For a non-zero cosmological constant, Λ ̸= 0, these so-
lutions contain a singularity in Ω → −∞

(
e2Ω → 0

)
as

t → 0.

Bianchi II

The structure constants of the Bianchi II are [9]

C1
23 = −C1

32 = 1.

Using the structure constants and equation (14), the
curvature scalar is determined by

(3)RII = −2 exp
(
−2Ω + 4β+ + 4

√
3β−

)
. (33)

Introducing equation (14) into equation (13), the
Hamiltonian density for the Bianchi II model is

HII =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+

2 exp
(
4Ω + 4β+ + 4

√
3β−

)
+ Λexp (6Ω) , (34)

where N = exp (3Ω).
From equation (34), we can obtain the equations of

motion

dΩ

dt
= {Ω,HII} =

∂HII

∂pΩ
= − 1

12
pΩ, (35)

dβ+

dt
= {β+,HII} =

∂HII

∂pβ+

=
1

12
pβ+ , (36)

dβ−

dt
= {β−,HII} =

∂HII

∂pβ−
=

1

12
pβ− , (37)

dpΩ
dt

= {pΩ,HII} = −8 exp
(
4Ω + 4β+ + 4

√
3β−

)
−

6Λ exp (6Ω) , (38)

dpβ+

dt
=

{
pβ+ ,HII

}
= −∂HII

∂β+
= −

8 exp
(
4Ω + 4β+ + 4

√
3β−

)
, (39)

dpβ−

dt
=

{
pβ− ,HII

}
= −∂HII

∂β−
= −

8
√
3 exp

(
4Ω + 4β+ + 4

√
3β−

)
. (40)

The dynamics of the Bianchi II are considered below.
Assuming �xed anisotropic parameters β+ and β−, Con-
sequently, the term exp

(
Ω+ 4β+ + 4

√
3β−

)
→ 0 con-

forming Ω → −∞. From the preceding consideration
and from equations (38), (39), and (40) taking into ac-
count that Ω → −∞, it results that each conjugate mo-
ment is constant. Additionally, let us observe the term
that contains the cosmological constant tends to zero if
Ω → −∞.

Bianchi VI0

The Bianchi VI0 has the structure constants [26]

C1
23 = −C1

32 = 1,
C2

31 = −C2
13 = −1.

With the previous structure constants and using
equation (14) the curvature scalar is

(3)RV I0 = −4 exp (−2Ω + 4β+)
[
cosh

(
4
√
3β−

)
+ 1

]
.

(41)
If we use equation (41), equation (13) becomes

HV I0 =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+ 4 exp (4Ω + 4β+)×[

cosh
(
4
√
3β−

)
+ 1

]
+ Λexp (6Ω) . (42)

With this Hamiltonian density we can write the equa-
tions of motion

dΩ

dt
= {Ω,HV I0} =

∂HV I0

∂pΩ
= − 1

12
pΩ, (43)

dβ+

dt
= {β+,HV I0} =

∂HV I0

∂pβ+

=
1

12
pβ+ , (44)

dβ−

dt
= {β−,HV I0} =

∂HV I0

∂pβ−
=

1

12
pβ− , (45)

dpΩ
dt

= {pΩ,HV I0} = −16 exp (4Ω + 4β+)×[
cosh

(
4
√
3β−

)
+ 1

]
− 6Λ exp (6Ω) , (46)

dpβ+

dt
=

{
pβ+ ,HV I0

}
= −∂HV I0

∂β+
=

−16 exp (4Ω + 4β+)
[
cosh

(
4
√
3β−

)
+ 1

]
, (47)
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dpβ−

dt
=

{
pβ− ,HV I0

}
= −∂HV I0

∂β−
=

−16
√
3 exp (4Ω + 4β+) sinh

(
4
√
3β−

)
. (48)

Assuming the anisotropic parameters β+ and β− are
�xed in the second term of equation (42), consequently,
the last term of equation (42) tends to 0, according to
Ω → −∞, where each conjugate moment is constant,
therefore pΩ = pβ+ = pβ− = constant. Just as the
term containing the cosmological constant tends to zero
if Ω → −∞.

Bianchi VII0

The Bianchi VII0 has structure constants given by [9,26]:

C1
23 = −C1

32 = −1,
C2

31 = −C2
13 = −1.

With the previous structure constants and equation (14),
we found that the curvature scalar is expressed by:

(3)RV II0 = −4 exp (−2Ω + 4β+)
[
cosh

(
4
√
3β−

)
− 1

]
.

(49)
If we use equation (49), equation (13) becomes

HV II0 =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+ 4 exp (4Ω + 4β+)×[

cosh
(
4
√
3β−

)
− 1

]
+ Λexp (6Ω) . (50)

With this Hamiltonian density; that is, equation (43),
we can write the equations of motion

dΩ

dt
= {Ω,HV II0} =

∂HV II0

∂pΩ
= − 1

12
pΩ, (51)

dβ+

dt
= {β+,HV II0} =

∂HV II0

∂pβ+

=
1

12
pβ+ , (52)

dβ−

dt
= {β−,HV II0} =

∂HV II0

∂pβ−
=

1

12
pβ− , (53)

dpΩ
dt

= {pΩ,HV II0} = −16 exp (Ω + 4β+)×[
cosh

(
4
√
3β−

)
− 1

]
− Λexp (6Ω) , (54)

dpβ+

dt
=

{
pβ+ ,HV II0

}
= −∂HV II0

∂β+
=

−16 exp (Ω + 4β+)
[
cosh

(
4
√
3β−

)
− 1

]
, (55)

dpβ−

dt
=

{
pβ− ,HV II0

}
= −∂HV II0

∂β−
=

−16
√
3 exp (Ω + 4β+) sinh

(
4
√
3β−

)
. (56)

In this model we assume the anisotropic parameters
β+ and β− are �xed, consequently, equation (50) tends
to 0, according to Ω → −∞ and each conjugate moment
is constant pΩ = pβ+ = pβ− = constant.

Bianchi VIII

For this model the structure constants are [9, 26]

C1
23 = −C1

32 = −1,
C2

31 = −C2
13 = −1,

C3
12 = −C3

21 = 1.

Using these structure constants and inserting them
into equation (14), the scalar of curvature is given by the
scalar equation

(3)RV III = −4 exp (−2Ω + 4β+) cosh
(
4
√
3β+

)
−

2 exp (−2Ω− 8β+)− 4 exp (−2Ω + 4β+)+

8 exp (−2Ω− 2β+) cosh
(
2
√
3β−

)
,

(57)
and the Hamiltonian density is

HV III =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+

exp (4Ω) [W (β+, β−)− 1] + Λ exp (6Ω) , (58)

where

W (β+, β−) = 1 + 4e4β+ cosh
(
4
√
3β+

)
+ 2e−8β+−

8e−2β+ cosh
(
2
√
3β−

)
+ 4e4β+ .

From equation (58) we �nd that the equations of mo-
tion are:

dΩ

dt
= {Ω,HV III} =

∂HV III

∂pΩ
= − 1

12
pΩ, (59)

dβ+

dt
= {β+,HV III} =

∂HV III

∂pβ+

=
1

12
pβ+ , (60)

dβ−

dt
= {β−,HV III} =

∂HV III

∂pβ−
=

1

12
pβ− , (61)

dpΩ
dt

= {pΩ,HV III} = −4 exp (4Ω) [W (β+, β−)− 1]

−6Λ exp (6Ω) , (62)

dpβ+

dt
=

{
pβ+ ,HV III

}
= −∂HV III

∂β+
= −4 exp (4Ω)

∂W

∂β+

(63)
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dpβ−

dt
=

{
pβ− ,HV III

}
= −∂HV III

∂β−
= −4 exp (4Ω)

∂W

∂β−
.

(64)
The dynamics of the Bianchi VIII cosmological model

can be seen as the dynamics of a particle in a time-
dependent potential. The simplest movements are ob-
tained by assuming the anisotropic parameters β+ and
β− �xed, thus the last term of equation (58) that contains
W (β+, β−) tends to zero in the limit Ω → −∞, as well
as the term containing the cosmological constant. From
the preceding consideration and equations (62), (63) and
(64) we follows that each conjugate moment is constant,
i.e. pΩ = pβ+ = pβ− = constant.

For large values of β of W (β+, β−), we can �nd that
in the limit β+ → −∞ the value of W (β+, β−) of equa-
tion (58) behaves as

W (β+ → −∞, β−) ∼ 2 exp (−8β+)

−8 exp (−2β+) cosh
(
2
√
3β−

)
,

and for the limit β → +∞ taking into account β− ≪ 1,
the anisotropic potential behaves in the way

W (β+ → +∞, β−) ∼ 1 + 4
(
2 + 24β2

−
)
exp (4β+) .

Bianchi IX

This model has the structure constants [9, 26,30]

C1
23 = −C1

32 = 1,
C2

31 = −C2
13 = 1,

C3
12 = −C3

21 = 1.

If we substitute these structure constants into equa-
tion (14) we obtain the three-dimensional curvature
scalar

(3)RIX = −2 exp (−2Ω− 8β+)+

8 exp (−2Ω− 2β+) cosh
(
2
√
3β−

)
−4 exp (−2Ω + 4β+)

[
cosh

(
4
√
3β+

)
+ 1

] (65)

and then we substitute equation (65) into (13) to obtain

HIX =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+

exp (4Ω) [V (β+, β−)− 1] + Λ exp (6Ω) , (66)

where

V (β+, β−) = 1 + 2e−8β+ − 8e−2β+ cosh
(
2
√
3β−

)
+

4e4β+

[
cosh

(
4
√
3β−

)
+ 1

]
.

With equation (66) we can write the equations of mo-
tion as:

dΩ

dt
= {Ω,HIX} =

∂HIX

∂pΩ
= − 1

12
pΩ, (67)

dβ+

dt
= {β+,HIX} =

∂HIX

∂pβ+

=
1

12
pβ+ , (68)

dβ−

dt
= {β−,HIX} =

∂HIX

∂pβ−
=

1

12
pβ− , (69)

dpΩ
dt

= {pΩ,HIX} = −∂HIX

∂Ω
=

−4 exp (4Ω) [V (β+, β−)− 1]− Λexp (6Ω) , (70)

dpβ+

dt
=

{
pβ+ ,HIX

}
= − ∂H

∂β+
= −4 exp (4Ω)

∂V

∂β+

(71)

dpβ−

dt
=

{
pβ− ,HIX

}
= − ∂H

∂β−
= −4 exp (Ω)

∂V

∂β−
(72)

The dynamics of the Bianchi IX model can be seen as
that of a particle in a time-dependent potential. The sim-
ple movements are obtained by assuming the anisotropic
parameters β+ and β− �xed and the last term of equa-
tion (66) containing the anisotropic potential V (β+, β−)
is negligible, according to Ω → −∞, where it turns out
that each conjugate moment is constant.

From the preceding limit in the Hamiltonian constric-
tion (66) we �nd that the conjugate moments are con-
stant. Another viable way to verify such a statement, we
take the limit when Ω → −∞ in equations (70), (71) and
(72), and consequently pΩ = pβ+ = pβ− = constant.

For the asymptotic description; That is, for large β,
we can be found that in the limit β+ → −∞ the value of
the anisotropic potential of equation (66) behaves as

V (β+ → −∞, β−) ∼ 2 exp (−8β+)−

8 exp (−2β+) cosh
(
2
√
3β−

)
,

and �nally for the opposite case, in addition to β− ≪ 1,
the anisotropic potential behaves as

V (β+ → +∞, β−) ∼ 1 + 96β2
− exp (4β+) .
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4 Class B

Bianchi III

In the Bianchi III model we have [9, 31]

C1
13 = −C1

31 = 1.

Using these structure constants and equation (14),
the curvature scalar is determined by

(3)RIII = 2C1
13C

1
31h11h

33h11+2C1
31C

1
31h

33+4Ci
ikC

j
jmhkm

and we �nd

(3)RIII = 4 exp (−2Ω + 4β+) . (73)

If we take equation (73) and substitute it into equation
(13), we �nd the Hamiltonian density

HIII =
1

24

(
−p2Ω + p2β+

+ p2β−

)
−

4 exp (4Ω + 4β+) + Λ exp (6Ω) . (74)

With this Hamiltonian density we can write the equa-
tions of motion:

dΩ

dt
= {Ω,HIII} =

∂HIII

∂pΩ
= − 1

12
pΩ, (75)

dβ+

dt
= {β+,HIII} =

∂HIII

∂pβ+

=
1

12
pβ+ , (76)

dβ−

dt
= {β−,HIII} =

∂HIII

∂pβ−
=

1

12
pβ− , (77)

dpΩ
dt

= −∂HIII

∂Ω
= 16 exp (4Ω + 4β+)− 6Λ exp (6Ω) ,

(78)

dpβ+

dt
=

{
pβ+ ,HIII

}
= −∂HIII

∂β+
= 16 exp (4Ω + 4β+) ,

(79)

dpβ−

dt
=

{
pβ− ,HIII

}
= −∂HIII

∂β−
= 0. (80)

Assuming the anisotropic parameters β+ and β−
�xed, consequently, the last term of equation (74) tends
to zero, according to Ω → −∞. From the above it follows
that each conjugate moment is constant. Since equations
(78), (79) and (80) tend to zero as Ω → −∞, therefore
pΩ = pβ+ = pβ− = constant [32].

Bianchi IV

This cosmological model has the structure constants
[9, 31]

C1
13 = −C1

31 = 1,
C1

23 = −C1
32 = 1,

C2
23 = −C2

32 = 1.

Using equation (14) we obtain

(3)RIV = 2C1
23C

1
32h11h

33h22 + 4Ci
ikC

j
jmhkm,

where the scalar of intrinsic curvature is given by

(3)RIV = −2 exp
(
−2Ω + 4β+ + 4

√
3β−

)
+8 exp (−2Ω + 4β+) .

(81)
Using equations (81) and (13), we �nd the Hamilto-

nian density

HIV =
1

24

(
−p2Ω + p2β+

+ p2β−

)
+

2 exp
(
4Ω + 4β+ + 4

√
3β−

)
−

8 exp (4Ω + 4β+) + Λ exp (6Ω) (82)

From equation (82), we can write the equations of
motion

dΩ

dt
= {Ω,HIV } =

∂HIV

∂pΩ
= − 1

12
pΩ, (83)

dβ+

dt
= {β+,HIV } =

∂HIV

∂pβ+

=
1

12
pβ+ , (84)

dβ−

dt
= {β−,HIV } =

∂HIV

∂pβ−
=

1

12
pβ− , (85)

dpΩ
dt

= {pΩ,HIV } = −∂HIV

∂Ω
= −8

[
exp

(
4
√
3β−

)
− 4

]
× exp (Ω + 4β+)− Λexp (6Ω) (86)

dpβ+

dt
=

{
pβ+ ,HIV

}
= −∂HIV

∂β+
=

−8
[
exp

(
4
√
3β−

)
− 4

]
exp (Ω + 4β+) , (87)

dpβ−

dt
=

{
pβ− ,HIV

}
= −∂HIV

∂β−
=

−8
√
3 exp

(
Ω+ 4β+ + 4

√
3β−

)
. (88)

Assuming the anisotropic parameters β+ and β−
�xed, consequently, the last two terms of equation (82)
tend to zero as Ω → −∞; in other words, the last
two terms of equation (82) become very small if Ω be-
comes very large. Taking into consideration the pre-
vious analysis, from equations (86), (87) and (88) we

�nd that dpΩ
dt

=
dpβ+

dt
=

dpβ−
dt

= 0 as Ω → −∞; so
pΩ = pβ+ = pβ− = constant.
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Bianchi V

This cosmological model is characterized by the structure
constants [9, 31]

C1
13 = −C1

31 = 1,
C2

23 = −C2
32 = 1.

Using equation (14), we �nd

(3)RV = 8 exp (−2Ω + 4β+) . (89)

If we substitute equation (89) into equation (13) we �nd
the Hamiltonian density

HV =
1

24

(
−p2Ω + p2β+

+ p2β−

)
−8 exp (4Ω + 4β+) + Λ exp (6Ω) . (90)

Using equation (90), we �nd

dΩ

dt
= {Ω,HV } =

∂HV

∂pΩ
= − 1

12
pΩ, (91)

dβ+

dt
= {β+,HV } =

∂HV

∂pβ+

=
1

12
pβ+ , (92)

dβ−

dt
= {β−,HV } =

∂HV

∂pβ−
=

1

12
pβ− , (93)

dpΩ
dt

= {pΩ,HV } = −32 exp (4Ω + 4β+)− 6Λ exp (6Ω) ,

(94)

dpβ+

dt
=

{
pβ+ ,HV

}
= −∂HV

∂β+
= −32 exp (4Ω + 4β+) ,

(95)

dpβ−

dt
=

{
pβ− ,HV

}
= −∂HV

∂β−
= 0. (96)

Assuming the anisotropic parameter β+ �xed, conse-
quently, the second term of equation (90) tends to zero,
according to Ω → −∞. Since equations (94), (95) and
(96) tend to zero as Ω → −∞, then we have the result
pΩ = pβ+ = pβ− = constant.

Bianchi VIh

In the Bianchi VIh [9, 31]

C1
23 = −C1

32 = 1, C2
31 = −C2

13 = −1
C1

13 = −C1
31 = 1, C2

23 = −C2
32 = h.

With the previous structure constants substituting
them into equation (14), we �nd

(3)RV Ih = 2C1
23C

1
32h11h

33h22 + 2C2
13C

2
31h22h

11h33+

4C1
32C

2
31h

33 + 4
[(
C1

13

)2
+

(
C2

23

)2
+ 2C1

13C
2
23

]
h33,

or

(3)RV Ih = −4 exp (−2Ω + 4β+)
[
cosh

(
4
√
3β−

)
− 1

]
+4 (1 + h)2 exp (−2Ω + 4β+) (97)

From equation (96), we �nd the Hamiltonian density

HV Ih = 1
24

(
−p2Ω + p2β+

+ p2β−

)
+

4 exp (4Ω + 4β+)
[
cosh

(
4
√
3β−

)
− 1

]
−

4 (1 + h)2 exp (4Ω + 4β+) + Λ exp (6Ω) .

(98)

With this Hamiltonian density, we can write the equa-
tions of motion

dΩ

dt
= {Ω,HV Ih} =

∂HV Ih

∂pΩ
= − 1

12
pΩ, (99)

dβ+

dt
= {β+,HV Ih} =

∂HV Ih

∂pβ+

=
1

12
pβ+ , (100)

dβ−

dt
= {β−,HV Ih} =

∂HV Ih

∂pβ−
=

1

12
pβ− , (101)

dpΩ
dt

= − ∂HV Ih
∂Ω

= −6Λ exp (6Ω)−
16 exp (4Ω + 4β+) cosh

(
4
√
3β−

)
+16 exp (4Ω + 4β+) + 16 (1 + h)2 exp (4Ω + 4β+) ,

(102)

dpβ+

dt
= −∂HV Ih

∂β+
= −16 exp (Ω + 4β+)×[

cosh
(
4
√
3β−

)
− 1

]
+ 16 (1 + h)2 exp (4Ω + 4β+) (103)

dpβ−

dt
=

{
pβ− ,HV Ih

}
= −∂HV Ih

∂β−
=

−16
√
3 exp (4Ω + 4β+) sinh

(
4
√
3β−

)
. (104)

If we assume the anisotropic parameters β+ and β−
�xed, consequently, the last two terms of equation (98)
tend to zero as Ω → −∞. Furthermore, from equa-

tions (102), (103) and (104) we �nd that dpΩ
dt

=
dpβ+

dt
=

dpβ−
dt

= 0 according to Ω → −∞; therefore, we conclude
that pΩ = pβ+ = pβ− = constant.
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Bianchi VIIh

In the Bianchi VIIh [33]

C1
23 = −C1

32 = −1, C2
31 = −C2

13 = −1
C1

13 = −C1
31 = h, C2

23 = −C2
32 = h.

Applying the structure constants to equation (14), we
�nd the intrinsic curvature scalar

(3)RV IIh = 2C1
23C

1
32h11h

33h22 + 2C2
13C

2
31h22h

11h33+

4C1
32C

2
31h

33 + 4
[(
C1

13

)2
+

(
C2

23

)2
+ 2C1

13C
2
23

]
h33,

or

(3)RV IIh = −4 exp (−2Ω + 4β+)×[
cosh

(
4
√
3β−

)
+ 1

]
+ 4h2 exp (−2Ω + 4β+) (105)

From equations (14) and equation (105), we �nd the
Hamiltonian density expressed by

HV IIh = 1
24

(
−p2Ω + p2β+

+ p2β−

)
+ 4 exp (4Ω + 4β+)×[

cosh
(
4
√
3β−

)
+ 1

]
− 4h2 exp (4Ω + 4β+) .

(106)
With equation (106), we can calculate the equations

of motion

dΩ

dt
= {Ω,HV IIh} =

∂HV IIh

∂pΩ
= − 1

12
pΩ, (107)

dβ+

dt
= {β+,HV IIh} =

∂HV IIh

∂pβ+

=
1

12
pβ+ , (108)

dβ−

dt
= {β−,HV IIh} =

∂HV IIh

∂pβ−
=

1

12
pβ− , (109)

dpΩ
dt

= {pΩ,HV II} = − ∂HV IIh
∂Ω

= −6Λ exp (6Ω)

−16 exp (4Ω + 4β+) cosh
(
4
√
3β−

)
−16 exp (4Ω + 4β+) + 4h2 exp (4Ω + 4β+) ,

(110)

dpβ+

dt
=

{
pβ+ ,HV IIH

}
= −∂HV IIh

∂β+
=

−16 exp (4Ω + 4β+)
[
cosh

(
4
√
3β−

)
+ 1

]
+

16h2 exp (4Ω + 4β+) , (111)

dpβ−

dt
=

{
pβ− ,HV IIh

}
= −∂HV IIh

∂β−
= −

16
√
3 exp (4Ω + 4β+) sinh

(
4
√
3β−

)
. (112)

We set the anisotropic parameters β+ and β−, conse-
quently, the last two terms of equation (106) tend to
zero as Ω → −∞. From equations (110), (111) and

(112) we �nd that dpΩ
dt

=
dpβ+

dt
=

dpβ−
dt

= 0 according to
Ω → −∞, therefore pΩ = pβ+ = pβ− = constant.

5 Concluding remarks

We study Bianchi spacetimes with cosmological constant
by applying the ADM formalism of general relativity
in the Hamiltonian version. From the Lagrangian den-
sity L and with the use of the Legendre transformation
we calculate the Hamiltonian density H and the Pois-
son parentheses. Then, we develop the dynamics of the
Bianchi models from the Hamiltonian constriction H and
not from the moment constriction Ha. Starting from H
we study the dynamics of each of the Bianchi models
with the calculation of each of the Poisson brackets of
each canonical variable, and through which we conclude
that in the limit when Ω → −∞ we interpret each Hamil-
tonian constriction as a time-dependent gravitational po-
tential. We present the way to construct the Lagrangian
density and the Hamiltonian density for each Bianchi
with a cosmological constant without a scalar �eld. How-
ever, it has not been mentioned that the curvature scalar
(3)R depends on the structure constants Cλ

µν . The struc-
ture constants are important in this article.

We further conclude that the FLRW cosmological
models [34�37] can be generalized only to some Bianchi
cosmological models. The Bianchi type I and VII0 cos-
mological models are a generalization of the Euclidean
FLRW model (k = 0), the Bianchi type IX for the spher-
ical FLRW cosmological model (k = 1) and the Bianchi
type V and VII0 are for the hyperbolic FLRW model
(k = −1). The rest of the Bianchi models do not contain
the FLRW models as a particular case.

6 Appendix A: ADM formalism of gen-

eral relativity

6.1 Decomposition of space-time

Suppose we have been given a hypersurface in a four-
dimensional Riemann space that can be imagined as an
element of a family of surfaces; the normal vectors na for
this family of surfaces would be:

nµn
µ = −1.

This equation, geometrically, we can interpret as the non-
zero product of the normal vector nµ to the hypersurface.

Now let us take these surfaces as the coordinate sur-
faces x0 = constant (space-time is being cut into slices,
that is, into foliations) of a coordinate system that is not
necessarily orthogonal and we denote the components of
the normal vectors by

nµ = (−N, 0, 0, 0) , (113)

nµ =

(
1

N
,−Na

N

)
(114)
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where µ, ν = 0, 1, 2, 3 y a, b = 1, 2, 3.
Geometrically, equation (113) represents only the ra-

tio of the proper time �ow τ with respect to the function t
in the opposite direction, as the movement normal to the
hypersurface is carried out, we have as a consequence of
the fact that the other components of the vector are null.
In equation (114), the contravariant vector nµ to the hy-
persurface, not necessarily orthogonal to nµ, measures
in it is last three components the amount of tangential
displacement.

Let us start an analysis to describe some quantities
on the hypersurface. Let us consider a vector �ow tµ,
which we decompose into its normal and tangential part
to the hypersurface as

tµ = Nnµ +Nµ, (115)

where nµ is a unit vector to the hypersurface and Nµ a
tangent vector. The scalar N is called the �lapse� func-
tion, and the function Nµ is called the �shift� function.
These quantities, together with the metric gab constitute
the so-called ADM variables. The lapse function repre-
sents how far one hypersurface is separated from another,
in other words, it measures the ratio of the �ow of proper
time with respect to the function t, as the movement nor-
mal to the hypersurface is carried out, and therefore we
have dτ = Ndt. On the other hand, the spatial part of
the shift function measures the amount of tangential dis-
placement for the hypersurface contained in the vector
�eld tµ.

�

Figure 1: 3 + 1 decomposition of the manifold, with lapse

function N , and shift vector N i.

Geometrically, the vector �ow tµ, using equation
(115), can be interpreted in the following way: let us
consider two in�nitesimally close hypersurfaces, the term
Nnµ tells us how much we move perpendicular to the hy-
persurface, on the other hand, with the vector Nµ we can
a�rm that it tells us how far we move tangentially to the
hypersurface. In general, we know that the vector �eld
tµ is not perpendicular or tangential at a point on the

hypersurface, therefore, we conclude from equation (115)
that the vector �eld tµ can be in a arbitrary direction,
in addition we can decompose this vector �eld into two
vectors; one perpendicularNnµ and the other parallel to
the hypersurface Nµ.

The metric tensor gab of the hypersurface

(3)ds2 = gabdx
adxb,

and the metric tensor space-time is related by

ds2 = gµνdx
µdxν = −

(
Ndx0)2 +

gab
(
dxa +Nadx0) (dxb +Nbdx0

)
, (116)

where (dxa+Nadx0) is the displacement on the base hy-
persurface and Ndt is the proper time between them, or,
rearranging terms

ds2 =
(
NaNa −N2) (dx0)2 + 2Nadx

adx0 + gabdx
adxb,

where we have taken space-time with the signature
(−,+,+,+). From the last equation we can see that the
components of the metric tensor are given by

gµν =

(
NaN

a −N2 Nb

Na gab

)
, (117)

where gab denotes the spatial metric tensor. The con-
travariant components of the metric tensor are found by
inverting the matrix gµν , so we have

gµν =

(
−1/N2 Nb/N2

Na/N2 gab −NaNb/N2

)
. (118)

With the help of the tensor

hµν = gµν + nµnν , (119)

which has the properties

hµνh
ν
σ = hµσ, hµνn

µ = 0, hab = gab, hab = gab, h0
ν = 0,

We can decompose each tensor into its parallel or per-
pendicular components for the surface normal vector.

6.2 Extrinsic curvature

We construct for an arbitrary vector uµ at a point p
belonging to the hypersurface a covariant derivative D
associated with the metric tensor hµν by

Dµuν = hρ
µh

σ
ν∇ρuσ = hρ

µh
σ
ν

(
∂uσ

∂xρ
− Γλ

ρσuλ

)
.

Dµuν = hρ
µh

σ
ν∇ρuσ. (120)

and we extend it for arbitrary tensors by linearity and
Leibniz's rule. Here ∇ρ denotes the covariant deriva-
tive associated with gµν , that is, the equation ∇µuν =
∂µuν − Γρ

µνuρ. Taking into account equation (120), we
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can see that the covariant derivative Dµ obeys the fol-
lowing conditions

Dρhµν = 0,
[Dµ, Dν ] f = 0.

(121)

A consequence of the tensor hµν is de�ne an intrinsic
curvature (3)Rσ

µνρ, but however, this tensor of intrinsic
curvature de�ned in the hypersurface is not su�cient in
the sense that it is necessary to describe an extrinsic
curvature that gives us information about how this hy-
persurface curves, this extrinsic curvature is given by

Kµν = hρ
µh

σ
ν∇ρnσ. (122)

Geometrically, the Kµν tensor describes like the vec-
tors normal to the hypersurface converge or diverge, de-
termining the geometry of an in�nitesimal parallel sur-
face.

Taking into account the result ∇µ (nνn
ν) =

2nν∇µnν = 0 we have the following important quantities
in terms of extrinsic curvature

K = hµνKµν = ∇µn
µ,

KµνKµν = (∇µn
ν) (∇νn

µ) .
(123)

Another identity that we will consider here is ob-
tained by considering the generalization of the Lie deriva-
tive L [38] to a tensor of the type Tµ1...µm

ν1...νn is given by

LuT
µ1...µn
ν1...νn = uα∇αT

µ1...µm
ν1 ...νn +

n∑
j=1

Tµ1...µm
ν1...α...νn∇νju

α

−
m∑
i=1

Tµ1...α...µm
ν1...νn ∇αu

µi(124)

where Tµ1...µn
ν1...νn is an arbitrary tensor, and the Lie

derivative is taken with respect to uα. If we use equation
(124) we take the Lie derivative of the tensor gµν and the
tensor hµν with respect to the vector nα we obtain the
results

Lngµν = nρ∇ρgµν + gρν∇µn
ρ + gρµ∇νn

ρ,
Lnhµν = ∇µnν +∇νnµ + nµn

ρ∇ρnν + nνn
ρ∇ρnµ.

(125)
Multiplying Lnhµν by the mixed tensors hµ

µ,hν
ν, we have

Kµν =
1

2
Lnhµν . (126)

Taking the second of equations (125) and substituting
equation (115) in this last equation we arrive at the re-
sult

Lnhµν =
1

N
(Lthµν −Nρ∇ρhµν − hρν∇µN

ρ − hµρ∇νN
ρ) ,

(127)
consequently, the extrinsic curvature can be represented
by the equation

Kµν =
1

2N
(Lthµν −Nρ∇ρhµν − hρν∇µN

ρ − hµρ∇νN
ρ) .

(128)

Finally, if we consider the de�nition of the covari-
ant derivative on the hypersurface Dµ given in equation
(120) and the covariant derivative of a �rst-rank covari-
ant vector

Kµν = hρ
µh

σ
ν∇ρnσ = hρ

µh
σ
ν

(
∂nσ

∂xρ
− Γτ

ρσnτ

)
,

we have, using equation (113)

Kµν = hρ
µh

σ
νNΓ0

ρσ,

with the help of the symmetric tensor

Kµν = hρ
µh

σ
ν

(
Ng00Γ0ρσ +Ng0cΓcρσ

)
where c = 1, 2, 3, and with the help of equation (118)
in addition to considering the Christo�el symbols of the
�rst kind

Kµν =
1

2N
hρ
µh

σ
ν

[
2NaΓaρσ −

(
∂g0σ
∂xρ

+
∂gρ0
∂xσ

− ∂gρσ
∂x0

)]
.

Rearranging the previous equation

Kµν =
1

2N
hρ
µh

σ
ν×[

∂gρσ
∂x0

−
(
∂g0σ
∂xρ

−NaΓaρσ

)
−

(
∂gρ0
∂xσ

−NaΓaρσ

)]
and considering equation (117), we can alternatively
write the extrinsic curvature as

Kµν =
1

2N
hρ
µh

σ
ν

(
∂hρσ

∂t
−∇ρNσ −∇σNρ

)
,

or

Kµν =
1

2N

(
∂hµν

∂t
−DµNν −DνNµ

)
. (129)

Note that Kµν does not depend on the derivatives with
respect to t de Nµ.

6.3 Curvature scalar

The Riemann tensor is de�ned by

[∇µ,∇ν ]uρ = Rσ
µνρuσ, (130)

and the scalar of curvature is given by

R = Rµνρσg
µρgνσ.

Using equation (119) in the curvature scalar and cal-
culating the corresponding products we arrive at

R = hµρhνσRµνρσ −Rµνρσh
νσnµnρ −Rµνρσh

µρnνnσ+

Rµνρσn
µnρnνnσ,

furthermore using the symmetry of the Riemann tensor,
the last term is zero, so the above equation reduces to
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R = Rµνρσh
µρhνσ − 2hµρnνRµνρσn

σ,

if we now take into account equation (130), the scalar of
curvature takes the form

R = Rµνρσh
µρhνσ − 2hµρnνhτρ [∇µ,∇ν ]n

τ ,

or
R = Rµνρσh

µρhνσ − 2nν [∇µ,∇ν ]n
µ. (131)

Now, our objective is transform the second term of
equation (131), that is, we will transform the equation

nν [∇µ,∇ν ]n
µ = nν∇µ (∇νn

µ)− nν∇ν (∇µn
µ) ,

and for this we take into account these small tricks

nν [∇µ,∇ν ]n
µ = nν∇µ (∇νn

µ)− nν∇ν (∇µn
µ)−

(∇µn
ν) (∇νn

µ) + (∇µn
ν) (∇νn

µ)

+ (∇νn
ν) (∇µn

µ)− (∇µn
µ) (∇νn

ν) ,

to arrive at the equation

nν [∇µ,∇ν ]n
µ = ∇µ (nν∇νn

µ)−∇ν (n
ν∇µn

µ)−

(∇µn
ν) (∇νn

µ) + (∇νn
ν) (∇µn

µ) ,

which is equivalent to

nν [∇µ,∇ν ]n
µ = ∇µ (nν∇νn

µ − nµ∇νn
ν)−

(∇µn
ν) (∇νn

µ) + (∇νn
ν) (∇µn

µ) .

From this last equation when considering equations (123)
it is transformed into

nν [∇µ,∇ν ]n
µ = ∇µ (nν∇νn

µ − nµ∇νn
ν)−KµνKµν+K2,

and consequently the scalar of curvature is given by

R = Rµνρσh
µρhνσ − 2×[

K2 −KµνKµν +∇µ (nν∇νn
µ − nµ∇νn

ν)
]

(132)

Next, we want to �nd the Riemann curvature tensor
on the hypersurface related to the covariant derivative
Dµ which is expressed in equation (120) by the equa-
tions

[Dµ, Dν ]uρ =(3) Rσ
µνρuσ. (133)

Using equation (120) we can write

DµDνuρ = Dµ

(
hν′
ν hρ′,

ρ ∇ν′uρ′

)
,

and equation (120) again,

DµDνuρ = hµ′
µ hν′′

ν hρ′′
ρ ∇µ′

(
hν′
ν′′hρ′,

ρ′′∇ν′uρ′

)
,

then after applying Leibniz's rule twice

DµDνuρ = hµ′
µ hν′′

ν hρ′′
ρ

(
hν′
ν′′hρ′

ρ′′∇µ′∇ν′uρ′

)
+

hµ′
µ hν′′

ν hρ′′
ρ hν′

ν′′

(
∇µ′hρ′

ρ′′

)
∇ν′uρ′

+hµ′
µ hν′′

ν hρ′′
ρ

(
∇µ′hν′

ν′′

)
hρ′

ρ′′∇ν′uρ′ .

and with the help of the result

hµ′
µ hν′

ν ∇µ′hσ
ν′ = hµ′

µ hν′
ν ∇µ′ (gσν′ + nσnν′) = Kµνn

σ,

we get the equation

DµDνuρ = hµ′
µ hν′

ν hρ′
ρ ∇µ′∇ν′uρ′ +

hν′
ν Kµρn

ρ′∇ν′uρ′ + hρ′
ρ Kµνn

ν′
∇ν′uρ′ . (134)

Transforming the second term of equation (134)

DµDνuρ = hµ′
µ hν′

ν hρ′
ρ ∇µ′∇ν′uρ′ − hν′

ν Kµρuρ′∇ν′nρ′

+hρ′
ρ Kµνn

ν′
∇ν′uρ′

or

DµDνuρ = hµ′
µ hν′

ν hρ′
ρ ∇µ′∇ν′uρ′ −KµρK

ρ′
ν uρ′ +

hρ'

ρ Kµνn
ν′
∇ν′uρ′ . (135)

We have, by exchanging indices in equation (135) and
subtracting the resulting equation from this

[Dµ, Dν ]uρ = hµ′
µ hν′

ν hρ′
ρ [∇µ,∇ν ]uρ′−

KµρK
ρ′
ν uρ′ +KνρK

ρ′
µ uρ,

and with the help of equations (130) and (133)

(3)Rσ
µνρuσ = hµ′

µ hν′
ν hρ′

ρ Rσ′

µ′ν′ρ′uσ′+(
−KµρK

ρ′
ν +KνρK

ρ′
µ

)
uρ′

or

(3)Rσ
µνρuσ =(

hµ′
µ hν′

ν hρ′
ρ hσ

σ′Rσ′
µ′ν′ρ′ −KµρK

σ
ν +KνρK

σ
µ

)
uσ (136)

equation that expresses the Riemann tensor on the hy-
persurface in terms of the Riemann tensor in spacetime
and the extrinsic curvature. This equation is called the
Gauss-Codazzi equation [39].

Finally we will obtain the spatial curvature scalar
from the equation

(3)R =(3) Rµνρσh
µρhνσ, (137)

which when using equation (136) is written as

(3)R = hµρhνσRµνρσ −K2 +KµνK
µν ,

and when taking into account equation (132)

(3)R = R+K2 −KµνK
µν + 2∇µ (nν∇νn

µ − nµ∇νn
ν) ,

(138)
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or we also write it in the form

(3)R = R+K2 −KµνK
µν + 2∇µ (∆µ) ,

where ∆µ = nν∇νn
µ − nµ∇νn

ν . The last term of this
equation is the covariant derivative of the term ∆µ and
when introduced into the action, through the divergence
theorem it has not dynamic information and we can ne-
glect it.

Equation (138) is called the Codazzi equation and
shows the relationship between the scalar of curvature
of the hypersurface and the scalar of curvature of space-
time.

6.4 Hamiltonian Formalism

From equation (117) we see that the volume element is
given by √

−gd4x = N
√

det (h)dtd3x,

from where it can be found by comparison
√
−g =

N
√

det (h).

Taking into account the Codazzi equation we can
rewrite the action for the gravitational �eld in the form

S[gab, N,Na] =

∫
dt

∫
d3xN

√
det (h)×(

(3)R−K2 +KµνK
µν − Λ

)
, (139)

where

LG = N
√

det (h)
(
(3)R−K2 +KµνK

µν − Λ
)
. (140)

So far we have rewritten the action of the gravita-
tional �eld so that we can �nd the �eld equations with
cosmological constant, taking the variation of the action
and setting it equal to zero (δS = 0)

0 =

∫
dt

∫
d3x

(
δLG

δḣab

δḣab +
δLG

δṄa
δṄa +

δLG

δṄ
δṄ

)
,

from where the conjugated moments are

πab =
δLG

δḣab

=
√

det (h)
(
Kab −Kqab

)
, (141)

πa =
δLG

δṄa

= 0, (142)

π =
δLG

δṄ
= 0. (143)

In equations (141), (142) and (143) we have taken into
account that the action (139) depends on ∂hab

∂t
= ḣab and

not from Ṅ , Ṅa.
Equations (141), (142) and (143) describe a singular

system with the primary constraints

Ca = πa ≈ 0, C = π ≈ 0.

Now we are able to write the Hamiltonian, using the
Legendre transformation. Constructing a Hamiltonian
for a system with constraints [40, 41] such as our case
H + λjCj and introducing the Lagrange multipliers λ y
λa and with the help of the transformation from Legen-
dre and the action for the gravitational �eld [42�51] we
write the canonical form of the action

S[gab, N,Na] = −
∫

dt

∫
d3x

[
ḣabπ

ab + λC + λaCa −N
√

det (h)
(
(3)R−K2 +KabKab − Λ

)]
+

∫
dt

∫
d3x

(
ḣabπ

ab + Ṅaπa + Ṅπ
)
.

We have, by taking the Lie derivative of the project-
ing tensor hab in the direction of N

LNhab = Nc∇chab + hcb∇aN
c + hac∇bN

c

and with the help of equation (115)

LNhab = Lthab −NLnhab. (144)

Let us introduce the equation

πabπab −
1

2
(πa

a)
2 = det (h)

(
KabKab −K2

)
, (145)

equation in which we show the relationship between the
conjugate moments πab and the extrinsic curvature Kab.

From equation (144) and considering equation (126)
the result is obtained

ḣabπ
ab = Lthabπ

ab = LNhabπ
ab + 2NπabKab,

which, when taking into account equation (141), becomes

Lthabπ
ab = LNhabπ

ab + 2N
√

det (h)
(
KabKab −K2

)
.

(146)
With the results (144) and (145) we transform the canon-
ical form of the action to the equation:

S[gab, N,Na] =

∫
dt

∫
d3x

(
ḣabπ

ab + Ṅaπa + Ṅπ − λC − λaCa − LNhabπ
ab
)

+

∫
dt

∫
d3xN

[√
det (h)

(
(3)R− Λ

)
− 1√

det (h)

(
πabπab −

1

2
(πa

a)
2

)]
.
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Once again we use the Lie derivative to �nd the equa-
tion

LNhabπ
ab = 2hab∇bN

cπab,

if we partially integrate this equation by parts∫
dt

∫
d3xLNhabπ

ab = 2

∫
dt

∫
d3x

[
Db (hacN

c)πab − hacN
cDbπ

ab
]

and using Gauss's theorem, we arrive at

LNhabπ
ab = −2hacN

cDbπ
ab. (147)

Therefore the action is expressed by

S[gab, N,Na] =

∫
dt

∫
d3x{

ḣabπ
ab + Ṅaπa + Ṅπ − λC − λaCa −NaHa −NH

}
(148)

where

H =
1√

det (h)

(
πabπab −

1

2
(πa

a)
2

)
−
√

det (h)
(
(3)R− Λ

)
,

(149)
Ha = −2hacDbπ

bc. (150)

We can then write the �rst order Lagrangian density
from equation (148)

L

(
hab,

∂hab

∂t
, πab, N,Na

)
= πab ∂hab

∂t

+Ṅaπa + Ṅπ − λC − λaCa −NH−NaHa.

The action integral from this Lagrangian density will
be functional of the metric hab as well as the moments
π, πa and πab and the functions N,Na. It is important
to note that in this Lagrangian density the functions Nµ

could play the role of Lagrange multipliers and the action
is no longer written in parameterized form, that is, the
Lagrangian density is in canonical form. The analysis
of each Bianchi model presented in this article, in ac-
cordance with the formalism presented in this appendix,
can be extended to the case where matter, cosmological
constant and a scalar �eld are considered (to analysis of
some Bianchi's models, see [52�60].

For arbitrary functions, we can write the functions

C (f) =

∫
d3xfC, (151)

C (f) =

∫
d3xfaCa, (152)

H (f) =

∫
d3xfH, (153)

H (f) =

∫
d3xfaHa, (154)

and therefore the Hamiltonian takes the form

H = C (λ) + C (λa) +H (N) +H (Na) . (155)

The consideration of the previous integrals has been
carried out as a consequence of having the principle of
gravitational action in the ADM variables, that is, equa-
tion (148) and with this we would avoid working with
the Hamiltonian densities H,Ha and the primary con-
straints C,Ca, but we would work with the Hamilto-
nian of equation (155) and consequently, we can note
that the Lagrangian function can be de�ned in terms of
the Hamiltonian of the equation (155) using the Legen-
dre transformation as in Classical Mechanics when the
Hamilton principle is de�ned and one wants to change
from the Lagrangian to the Hamiltonian formalism and
viceversa.

The phase space is structured by the local con�gura-
tions of the �elds

(
hab, π, π

a, πab, N,Na
)
for t �xed and

Poisson brackets{
hab (t, x) , π

cd (t, x′)
}
= δ

(c
a δ

d)
b δ (x− x′) ,

{Na (t, x) , πb (t, x)} = δab δ (x− x′) ,
{N (t, x) , π (t, x′)} = δ (x− x′) .

(156)

Intuitively, the constraints C = π ≈ 0 and Ca = πa ≈
0 are preserved under the evolution of the system, and
therefore we impose consistency conditions

d

dt
C (f) = 0 = {H,C (f)} = H (f) , (157)

d

dt
C (fa) = 0 = {H,C (fa)} = H (fa) , (158)

where the total derivatives are derivatives with respect
to the parameter t (proper time), and since these rela-
tions cancel out independently of the values of the �elds
f and fa we obtain the secondary constraints

H ≈ 0; Ha ≈ 0. (159)

The constriction Ha results from the arbitrariness in
the way we slice our space-time into hypersurfaces.

The Poisson parentheses that satisfy the Hamiltonian
and the secondary constraints satisfy the Dirac algebra:

{Ha (t, x) ,Hb (t, x
′)} = Hb (t, x)

∂
∂xa δ (x− x′)

{H (t, x) ,H (t, x′)} = gabHa (t, x)
∂

∂xb δ (x− x′) ,

{Ha (t, x) ,H (t, x′)} = H (t, x) ∂
∂xa δ (x− x′) .

(160)
The structure of this algebra together with the equa-

tions C = π ≈ 0 and Ca = πa ≈ 0, guarantees that the
evolution of the canonical coordinates in the phase space
assigned to equations (157) and ( 158) is independent of
how the spatial hypersurface is deformed and the coordi-
nates of the initial and �nal con�gurations for the lapse
and shift functions.
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