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reation of a universe with an S1
N

Tg spatial topology is 
onsidered. Using both the Eu
li-dean fun
tional integral and the tunneling approa
h as pres
riptions applied to quantum 
osmology,we 
al
ulate the wave fun
tion of su
h a universe with a negative 
osmologi
al 
onstant and withoutmatter. The anisotropi
 minisuperspa
e path integral is 
al
ulated in the semi
lassi
al approximation,and it is shown that the wave fun
tion is proportional to the genus of the two- dimensional 
ompa
thyperboli
 manifold Tg and to the absolute value of the negative 
osmologi
al 
onstant. Thus we obtainthe probability of quantum 
reation of a higher-genus universe, and it appears that in Hartle-Hawkingapproa
h the probability of 
reation in
reases with the genus g, while in the tunneling approa
h itde
reases with g.Keywords: Cosmology, Hartle-Hawking approa
h, tunneling approa
h.Cosmología 
uánti
a del Universo 
on se

iones espa
iales S1
⊗

TgConsideramos la 
rea
ión 
uánti
a de un universo 
on una topología espa
ial S1
N

Tg. Usando laintegral fun
ional eu
lideana y la aproxima
ión por tunelamiento 
omo pres
rip
iones apli
adas a la
osmología 
uánti
a, 
al
ulamos la fun
ión de onda de un universo 
on una 
onstante 
osmológi
anegativa y sin materia. La integral de 
amino de un minisuperespa
io anisotrópi
o es 
al
ulado en laaproxima
ión semi
lási
a y muestra que la fun
ión de onda es propor
ional al genus de la variedad
Tg hiperbóli
a 
ompa
ta bidimensional y al valor absoluto de la 
onstante 
osmológi
a negativa. Deesta forma obtenemos la probabilidad de la 
rea
ión 
uánti
a de un universo de alto genus y apare
een la aproxima
ión de Hartle-Hawking que este se in
rementa 
on el genus g, mientras que en laaproxima
ión por tunelamiento este de
re
e 
on g.Palabras 
laves: Cosmología, aproxima
ión de Hartle-Hawking, aproxima
ión por tunelamiento.In re
ent year there is mu
h interest in quantum
osmology. Re
ently the question of topology has beenadded into the dis
ussion. What is the most probabletopology of the universe?. It is well known that thereexist a lot more hyperboli
 manifolds than ellipti
 and�at ones. So it is interesting to study the hyperboli
manifolds in quantum 
osmology.Here we shall study the probability of 
reation ofa universe with the spa
e topology S1

N

Tg in boththe Hartle-Hawking (HH) boundary 
ondition and thetunneling pres
ription due to Vilenkin. The anisotropi

minisuperspa
e path integral is evaluated in the semi-
lassi
al approximation, and it is shown that the in-formation about the spa
e topology is en
oded in theprobabilities of 
reation.The wave funtion of the universe due to the HHproposal is given by the path integral [1, 2℄

Ψ(hij) =

Z

Γ

D(gµν) exp[−SE(gµν)] , (1)where SE is the Eu
lidean a
tion of the gravitational*helio�ift.unesp.br**teovar�ift.unesp.br 1
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osmologi
al 
onstant
SE =

−1

16πG

Z

Ω

d4xg1/2(R − 2Λ) −
1

8πG

Z

∂Ω

d3xh1/2K.(2)As the path integral (1) has no pre
ise de�nition so itsqualitative behaviour 
an be obtained using semi
las-si
al te
hniques in simple 
osmologi
al models or equi-valently one restri
ts to minisuperspa
e. So the boun-dary 
onditions in the semi
lassi
al approximation tothe wave fun
tion is in the form
Ψ(hij) = N0

X

Ai exp(−Bi) , (3)where N0 is a normalization 
onstant and Bi is the a
-tion of the Eu
lidean 
lassi
al solution. The prefa
tor
Ai denote �u
tuations about 
lassi
al solutions.The line element of the Eu
lidean Bian
hi type IIIuniverse, is given by

ds2 = N(τ )2dτ 2 + a(τ )2dr2 + b(τ )2dΩ2

g , (4)where the 
oordinate r is periodi
 with a period 2π, andthe metri
 of the 
ompa
t hyperboli
 surfa
e of genusg, Tg is dΩ2
g = dρ2 + sinh2 ρdφ2.The 
onne
tions are

Γτ
ττ =

Ṅ

N
, Γτ

rr = −
ȧa

N2
, Γτ

ρρ = −
ḃb

N2
,

Γτ
φφ = −

ḃb

N2
sinh2 ρ , Γr

rτ =
ȧ

a
,

Γρ
ρτ = Γφ

φτ =
ḃ

b
(5)

Γρ
φφ = − sinh ρ cosh ρ , Γφ

φρ = coth ρ .The s
alar 
urvature be
omes
R = −2

ä

aN2
− 4

b̈

bN2
+ 2

ȧṄ

aN3
+ 4

ḃṄ

bN3
− 4

ȧḃ

abN2

−2
ḃ2

b2N2
−

2

b2
. (6)The volumen of spa
e se
tion with the topology

S1
N

Tg is [3℄
V =

Z

d3x h1/2drdρdφ = 8π2(g − 1)ab2 , (7)so the Eu
lidean Einstein-Hilbert a
tion is
SE =

π(g − 1)

G

Z

dτ

»

−
2ȧḃb

N
−

aḃ2

N
+ Na + Nab2Λ

–

.(8)Thus the information about the topology of the spa-tial 
ompa
t se
tion is en
oded in the a
tion. The �eldequations are obtained by varying the Eu
lidean a
tion

(8) with respe
t to N , b, and a. In the gauge in whi
h
Ṅ = 0 these equations are

2ȧḃb

N2
+

aḃ2

N2
+ a(1 + Λb2) = 0

2b̈b + ḃ2 + N2(1 + Λb2) = 0 (9)
b̈a + äb + ȧḃ + ΛabN2 = 0.With some rearrangement, the before �eld equationsmay be written as [4℄

2ȧḃb

N2
+

aḃ2

N2
+ a(1 + Λb2) = 0

ḃ

Na
= const (10)

äb + 2ȧḃ + ΛabN2 = 0.Integration of equation (9) gives
ḃ2 +

Λ

3
N2b2 + N2 −

C

b
= 0 . (11)Putting the integration 
onstant C equal to zero we seethat the 
osmologi
al 
onstant should be negative forthe existen
e of the solution to the �eld equation. In-tegrating on
e more the equation (11) and using therelation between a(τ ) and b(τ ) given by (10), we obtain

b(τ ) =

s

3

|Λ|
cosh

"

r

|Λ|

3
Nτ

#

a(τ ) =

s

3

|Λ|
sinh

"

r

|Λ|

3
Nτ

#

. (12)From the boundary 
ondition we know that the 
lassi-
al solution must be everywhere regular, the boundaryterm at τ = 0 should vanish, and the quantum 4-metri
has a vanishing 3-volume at the bottom. From (12) wesee that
a(0) = 0 ,

1

N

da(0)

dτ
= 1 , (13)whi
h is 
onsistent with above requirement.Wave fun
tion in HH approa
h and 
om-parison with tunneling wave fun
tionWe now turn to the 
al
ulation of the wave fun
-tion for the solution given above. Using the 
onstraintequation, the a
tion (8) 
an be rewriting as

SE = −
2π(g − 1)

G

Z

1

0

dτ

»

2ȧḃb

N
+

aḃ2

N

–

. (14)Taking the �eld equation (10) or ȧ = NHb(τ ) and theboundary 
onditions b(0) = 0, b(1) = b0 we obtain
SE = −

2π(g − 1)

G

Z b0

0

db

»

2Hb2 +
ḃ2

NH

–

, (15)



Rev. Inv. Fis. 13, 101302451 (2010) 3where H =
p

|Λ|/3. Thus, for our 
ase the �nal formof the a
tion is
SE(a, b) = −

2π(g − 1)

G
ab

ˆ

H2b2 − 1
˜1/2

. (16)The semi
lassi
al approximation of the HH wavefun
tion (3) for b < H−1 is therefore
Ψ(a, b) = N0 exp

»

2π(g − 1)

G
ab

ˆ

H2b2 − 1
˜1/2

–

, (17)whereas for the b > H−1 
ase, the wave fun
tion 
anbe obtained by analyti
al 
ontinuation
Ψ(a, b) = N

′

0 cos

»

2π(g − 1)

G
ab

ˆ

1 − H2b2
˜1/2

+ δ

–

.(18)The phase shift 
onstant δ must be 
al
ulated by usingthe K-representation of the HH [1℄ whi
h is under ourinvestigation.Thus the unnormalized probability of 
reation of auniverse with the topology taken into 
onsideration for
b < H−1 
ase is

|ΨHH |2 = N0
2 exp

»

4π(g − 1)

G
ab

ˆ

H2b2 − 1
˜1/2

–

.(19)From the other hand, Vilenkin [5℄ observed that thefull Wheller-De Witt equation is invariant under thetransformation
hij → exp [iπ]hij , V (φ) → exp [−iπ]V (φ). (20)These means that there is a relation between tunnelingand HH wave funtions: ΨHH and ΨT are related by ananalyti
al 
ontinuation.Using these relations for our 
ase

ΨT = ΨHH

H2 → exp [iπ]H2

a → exp [−iπ/2]a (21)
b → exp [−iπ/2]b

we obtain the tunneling wave funtion for b < H−1

ΨT (a, b) = N1 exp

»

−
2π(g − 1)

G
ab

ˆ

H2b2 − 1
˜1/2

–(22)where the 
oe�
ients N0 and N1 are di�erent sin
e they
orrespond to di�erent boundary 
onditions, and theirexa
t values should be evaluated using the semi
lassi
alsaddle point method in the K-representation.For the b > H−1 
ase we have
ΨT (a, b) = N ′

1 exp

»

−
2iπ(g − 1)

G
ab

ˆ

1 − H2b2
˜1/2

–(23)The unnormalized probability of 
reation of a uni-verse in the tunneling approa
h for b < H−1 is givenby
|ΨT |

2 = N1
2 exp

»

−
4π(g − 1)

G
ab

ˆ

H2b2 − 1
˜1/2

–

.(24)Thus we obtain the probability of quantum 
reation of ahigher-genus universe, and note that the wave fun
tionsare proportional to the genus of the two-dimensional
ompa
t hyperboli
 manifold Tg and to the absolutevalue of the negative 
osmologi
al 
onstant.Final remarksIn this paper we have 
onsidered the probability of
reation of a universe with the spa
e topology S1
N

Tgin both the Hartle-Hawking boundary 
ondition andthe tunneling pres
ription due to Vilenkin. In order to
al
ulate the anisotropi
 minisuperspa
e path integralit is used the semi
lassi
al approximation, and we showthat the wave fun
tion is proportional to the genus ofthe two-dimensional 
ompa
t hyperboli
 manifold andto the absolute value of the negative 
osmologi
al 
ons-tant. Comparing equations (19) and (24), it appearsthat in HH approa
h the probability of 
reation in
rea-ses with the genus g, while in the tunneling approa
hit de
reases with g.Referen
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