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ABSTRACT

In this article the authors investigated the existence of solutions for the linear thermoelastic

system in a noncylindrical domain Qof R"*!.

1. Introduction
Let K:[0,7]— ® be a C? function and let Q be an open bounded set in %", with

regular boundary. Let us consider the family of open sets in " *1:

Q,={K@)y; yeQ} 0<:<T,
with lateral boundary I';. We define the noncylindrical domain Q in R+ 1 by:

0= U th{f}5

O<iteT

with lateral boundary
2= U I (X {f }

0<t<T

In this work we investigate the existence of solutions for the following thermoelastic

system in Q:

u"—yAu—(,l+y)\7div u+avae =0 in Q

O —AO +f divu=0 in Q

u=0,0 =0 in £

u(x, O)zuo (x), u' (x,0)=u] (x), G(x, 0)=90 (x) in €.

(*)
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We denote by x=(x,..., x,) a point in R " while ¢ stands for the time variable. The
displacement-vector is denoted by u(x,f)=(y; (x,1),...,u, (x,t)) and the thermal
difference by 6 = 0 (x,¢);A,u >0 are Lemé’s constants and o, #>0 the coupling

parameters.

There is an extensive literature for the study of (*) in cylindrical domains. It can be seen
n [1],[3],[4].[5] and [6] For the one-dimensional noncylindrical case, in [2], it is studied
the existence, uniqueness and energy decay of weak solutions. We don't know results for

(*) in n-dimensional case in noncylindrical domains.

Notations and main Results

Let us consider the real function K (¢) satisfying to the following conditions:
Hl) KECB([OsT]:SH)Wlth K(): min K(t)>0

0<t<T
H2) There exists a positive constant g |, such that

[#5;’ '"(K’)ly,-y_,-]ea‘e > K |¢|?

Ve e R, VyeQ, 0<t<T.

-
Remark. It is noted that when (x,7) varies in Q the point (y,) with y = g ! ()x
varies in the cylinder O = Q x |0, 7'[. Thus, the application

7:0 > 0
given by 7(x,7)=(y, 1), is a diffeomorfism. Let us consider the change of variable in (*),

given by

v(y,t)=u(K ()y.t)
#(y.1)=06 (K (1)y.1),

We obtain the following mixed problem:

u"—ai;’{ag(y,t);?'j (&;”)de U+Ev¢ +b, (y,1 )2—“:
+ ¢, (y,r a—U:O in Q
y;
¢—KLA¢+I€ div u+d(y,t)aj ’f{ div v (**)
o*v,
+e (y,t) =0 in Q
( ayjay,
Bkt = in >
v(y.0)=uv, (y), 0'(,0) = v, (¥) ¢(».0)=4,(»). yeQ



where

j - -2K'
ay(yar)z[ﬂg,J _(K‘)zyiyj]K 2_, bf(y’t):Tyj
& =y o K
o0 )=lt-mEF -k K]k, d(0="2E, g ()=TE2K

” and (),

Let us represent by ((.)), , the scalar product and norm in [H(l] (Q)]” and

[L2 (Q)]n respectively. We denote by a(f, v, w) the bilinear form defined in [H(I) (Q)]"
by:

ov 0
alt,v,w)= L a; (v, t)i% dy.

i J
Note that ax(t, 13; w) is continuous, symmetric and coercive.

The main results in our work are:

Teorema 1. Given 4, e [H(l, Q)N H? (QO)]”,HO e H  (Q¢)n H2(Q,), and
u € [Hé (QO)]", then there exist functions

u:Q0->R"and 6:0 > R
such that:

uel (o, T (@)~ B (, )T) Wel (0, T, 5@, )]) wer (0.7:[2 @)))
0 <2(0.7;Hy(@)nH (@)).6'c £ 0.T: Hy (@)

and they are solutions of the problem (*) in (.
Teorema 2. Given v, e |1} (@) 2 @)]", 6y € HH(Q)n 2 (@), and o, e[z} (@), then
there exist functions
v:0 > R"and $:0 > R
such that:
el (o, T; [ Q) A 1 Q)] ) vel’ (0, T;|H! (Q)]"), v el (0, T; |2 (Q)]‘)
6 2 (0,T; H (Q)n H*(Q)), ¢ e 2 (0,T; H! (Q))

and they are solutions of the problem (**)in Q.
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Proof of theorem 2. We consider {Wj }, j=1,2,..., a Hilbertien basis in [H (@) H? (O )]" "
We represent by Vo =[w ey, the subspace generate by the vectors w; .., w, . We

find o () and ¢, (t) in v, , solutions of the following system of ordinary

differential equations:

(U,I;a Wj+a(t,um,w) [(j'*'”)v div v , WJ E(V @, w)+[bi%’wJ
K? K oy,

ey
+(ci%,w]— 0 VweVl,.
0y,

(6w )+

62
+('B i divu,, , wj Eim =0, Vwel,.
K* 5y G

v,(0)=0,, > v, in [H(Q)~ B Q)]

v, (0)=v,, - v, in [H(;(Q)]n

8,(0)= o > 4, in Hy(Q)n H*(Q).

m?

)

First Estimate

Taking w=u;1 in (1) and w=g, in (2), we have:

l @

2 di

r |2

m m?2 ="m

1

2 dr

+i[v¢m’u'mj+ bi SU’” ’Ullu + Ci au—mau‘m :0'
K oy, oy;

|¢m12 T3 ||¢m “2 ﬁ dIV Um 7¢ur + di 8¢m >¥m
g dt K

(t Um’Um)—la (t Um’Um) ((1 Ju) V dn) %) 19) J
’ © 3)

a7

1 az .
+(5K2 div v, qé,,,J + Om il | 5= (0
K 5‘yf Ay,

“4)




Developing some terms of (3) and (4), we obtain:

(62805 )= B o, ®
K K

Cxtd iy o, ) + G2t gy

b | —
&
P A P

< %% (/1—12__5#—)|div Um|2) + ¢ ”Um"2
Z,.0,) = T [ Vo0, -
—% (4, dv v, & = —(% div u¢J
|la'(t.v,,0,) <c,|v, H2
(7)
o, . 1, 9l
(5] - p a0
:% - ngj: o |*dy + .[b,.|u'm|2 nidf‘
(8)
= Ok |U'm |2
[c, 68;);:” ,U'm] = (”um I* + lu'", |2) 9)
O e 9
(d‘ 3y, ¢]. g ‘ L4 oy, Ll dy‘
(10)

2

:[_;_ L%'(ﬁm‘z b+ é— J.r"?j’”|2 d;n, dr |<c,|g,
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(f{Kz div uqﬁj’ <co (Jou |* + |6.]7) (1)

2
J v
e .

' 0y ; Oy

mj

2 ¢Pﬂ J = ‘L¢m g‘ V (div UHI )dy

i

= ‘Ldiv( P, J div v, dy + I¢,,,e div v, dlI’

(12)
J;dzv ( N ] div v, dy where i= (e,,....e,). Thus,
2o .
.Ul‘j
‘ [ei oy, 0y, ¢"‘J braillh
From (3) — (12), we have:
A+
2 dt{ﬂlunr| el iy a(t5 1};90f11)+( K’Q#J dlv |¢m’ }
(13)
b Ml < e (JoulF + o] +16. 1)
Integrating (13) on [0, [ and applying Gronwall inequality, we conclude that there is a
positive constant C independent of m and ¢, such that
ﬁyulﬂflz + ﬁ a(t, UHJ’U.'”) ﬂ( J dzv |U lz
a a
(14)
i+ — (1o, < C
m 2K7 o m - 2
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Second Estimate

Diferentiating (1) with respect to ¢ and taking w = U;;?, we obtain:

[U::,U:;) +a(t Um,um) (t, Um,uu) [(le + ) Vdivd, U]

+ z(;“lz—flm(v div v Um)-i- E(V “) (15)

m? m?> m
ov, 8 ov,
v " v " v [ ' Ov "
+| b, =", v, |+| b ==,0, [+]| ¢ =—2=,0, |+| ¢ ==,v, |=0
i m (3 m [} m 1 m
ayf ay.l ayi aJ)f

Diferentiating (2) with respect to ¢ and taking w=¢' , we have:

[ 2K fog, v )+ (£ o ol i)

)+
+( %ﬁm ¢} [ ‘Zﬁm ¢J [(f{ij div Um,gé;} (16)
(R

v, ") Ty,

Developing term terms of (15) and (16), we get:

n

(tu U") J‘ ' du,, 60 00 4,

m>~m u ay ay
(17)
d '60 60 " 60 60 'au o'
= d - dy _ il | d
L y ay y, .[ ay ay .[ ay dy,
(18)
M(V div Um,l),: )=M J. div v, div U:, dy
K K Q
2(A+ K’
_.[n E
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—aK'

:

— 2K

K3

14

+ —

a

o*v

YA

1
2

[ a2

+
4K?

WQWV%J:ZE

me vy dy <

Jm | _ '
>¢m]_ -Ler'
i

d

0

,

(_

?H

|

"
2

au‘jm

oy,

div v, dy +

n

L————qﬁm div v, dy — I

<€ (

From (15)-(21), we obtain:

d
dt

v

m

!
2
¢m \ +

ov,, 80
"3y, o,

1

_—m d

2,<_c|:

D

1 L]
(t,Um,l)

v

m

2)+ A,
4K>

4,

1
+ W ” ¢m

K ) K
lo. 1) +(£5)

K3

' 2

m

b |

’" div v, dy
5)4

2

ﬁ(ft
W E

I 24+ p)K' ,u)K'

2

+

div v, div v, dy —

'
é}lf

ldzvu

m

m ‘

m

Ir dlv Um e'i ¢‘m 77:' d[‘

Integrating (22) on [0, ¢[- and applying Gronwall inequality, we deduce:
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B
a

o

m

T
+-[
0

2 ﬂ TP
+ = plv, | +
2a pD m
1 ',
™ ¢, | dt =C

(04

B (A+p)

2

divv,

2

o

2

2 2
+ ¢rm

K3

S aarnd

¢' m dy

ov
¢rm dy = e'f dIV
Joum=fo a3

¢m

|

(19)

(20)

21)

(22)

(23)



From (14) and (23), it follows that:

v, — 0" weak star in L° (0, T[22 (Q)]")
v, > U weak star in L* (O, 13 [H ¥ (Q)]r)

1 1 o (24)
?cﬂm - Eqﬁ weak star in L (0, T; H, (Q))
¢;" —> ¢ weak star in [’ (O, T; B, (Q))
From (24) taking limits in (1) and (2), we have the proof of the theorem 2.
Proof of theorem 1.
We set
0(¥)=ug (KO)y). ¢o(») = 6 (K(0)y). (25)

1()=K"(0)Vug (K(0)y). y +u; (K (0)y)
that satisfy the hypothesis of theorem 2.

Therefore, there exist | ¢ solutions of the problem (**). Using and ¢ we construct # and

given by:

The regularity of w and  can be obtained from | ¢ and the hypothesis H1). We also

verify the following identities:

a
VO = —V 27
o = @ (27)
. A+ u 3
(i + /,t)V div u= FE V div v (28)
H
JUAM = FAU (29)
u' =" - i(ag a—UJ —E—Z—AU +, oL & g, L2 (30)
5)’1 A, K )% ;

31



1
= (31)
AO ~Ag

B BR e 8O (32)
ﬁdzvu—Kdzvu+ < v v ej@y.,ayf

o=g+d2? €=

i

from (27)-(33), using the fact that (), ¢) satisfies (**), we deduce that (y, ) satisfies

(*), and hence the theorem 1 is completely proved.
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