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GLOBAL EXISTENCE AND EXPONENTIAL DECAY TO THE WAVE
EQUATION WITH LOCALIZED FRICTIONAL DAMPING*

Yolanda S. Santiago Ayala Jaime E. Muiioz Rivera**
ABSTRACT.- In this paper we show the global existence and

the exponencial decay of solutions of the one-dimensional wave
equation with localized frictional damping.

1.INTRODUCTION

In this paper we study the existence of global smooth solution to the wave
equations when the dissipation given by the frictional term is effective only in a
part of the domain. Moreover we show that this local dissipation is strong enough
to produce uniform decay of the solutions. Let us consider a string o length L.
The mathematical model which defines the deformations of the string is given by

u, —[G(ux)lc +a(x)y, =0 in }o, L[x ]o,oo[, (1.1)
with initial data
u(x,0)=uy(x) u,(x0)=u(x) in ]0,L[ (1.2)
and boundary conditions

u(L,t)=u(0,£)=0 V=20 (1.3)
where by u =u(x,1) we denote the displacement, ¢ is a function satisfying

ceC’(R) suchthat 0¢'(0)>0 and (1.4)

aeC'(0,L) a=0, a(x)>0 in ]I,,L] where 0<Iy<L. (1.5

It is well known by now that in non linear elasticity when a =0, the equation
is conservative and the solution will blow up in a finite time, no matter how small
and regular the initial data is. On the other hand, when the dissipation is effective
in the whole domain, then when the initial data is taken small enough there
exists only one global smooth solution of the system.
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2 GLOBAL EXISTENCE AND EXPONENTIAL DECAY ...

The problem we consider here is intermediary between this two cases. The natu-
ral questions under in our case is about the strongness of the dissipation. We can
ask, is the local dissipation strong enough to secure estimates and prevent blow
up?. The mains result of this paper is to give a positive answer to that question.

We will prove that the problem (1.1) - (1.5) is well posed, that is if >0, with g
zero outside of a boundy of O or L, the problem has a global smooth solution

which decays exponentially as time goes to infinity, provided the initial data is
small enough. '
The main result of this paper is summarized in the following Theorem.
Theorem 1.1 (Main Result) Let us suppose that the initial data satisfies
uy€ H(0,L)NHy(0,L), weH*(0,L)YNHy(0,L) such that

2
”“0 ”;3(0,1.) * ”“1 ”pzﬂ(o, L) T "“rr (O)HHI(O,L} <e’ (1.6)

for any €>0 and small enough, where U, (0)’=0"(uo,x)u0'm—a(x)%, the
there exists a global smooth solution of problem (1.1) - (1.5) satisfying

ue C(O, o0} H3) nc (0, oo; H? ) Nc? (O, oo} H' ), which decays exponentially as time
goes to infinity.
The method we use is based on the multiplicative technique. We introduce

a new multiplicator which allows us to get the global estimate that we need to
show the global existence result.

The main ideia is to construct a Liapunov functional £ satisfying

%ﬁ(r)s—nﬁ(t)

where k is a positive constant.
2. EXISTENCE AND ASYMPTOTIC BEHAVIOUR

Our first step is to stablish the local existence result.

Theorem 2.1 (Local Existence) Let us take initial data satisfying
e H>(0,L)NHy (0, L), we H*(0,L)NHy(0,L)
then, there exists T >0 and a fun.ction |
ue X:=C(0,T; H)NC' (0,T; H*)N C*(0, T; H')

satisfying problem (1.1) - (1.5).



Yolanda Santiago A. & Jaime Muifioz R. 3

Proof.- The main idea is to use the fixed point Theorem. To do this we define

W, (0,T):= {wec®(0,7:#*), we C'(0,T; H*') i=1,2
w(x,0) =1 (x), % (x,0) = (x), |wl, <u}
T:W, > W,
v = Tv=u

where u is the solution of

uﬁ'

o(0) =1 H(0.L), 1(0)= e H(0,1)
u(L,t)zu(O,t)=0 &

~o' (v, )u, +a(x)u, =0

To show the global existence, it is enough to show that

lim |u(z)], <cC

£ Tax
Here we follows similar techniques as in [7]. Firts study the linearized problem.
ty =0 Qg +a(x)u=f i Jo.L[x Jo.7 2.1)
where
f=[o"(u)-0"(0) ]us
In general we consider
U,-0'(0)U, +a(x)U,=F in }O,L[x ]O,T[ (2.2)

U(L,t)=U(0,)=0 Vt20 (2.3)

where by U, F we are denoting (U,F)={(u,f), (ur,jg),(uﬂ,ﬁ,)}.

Under the above notations the energy associated is
1 & 2 ’ 2
E(t,U)-—~-2~ Y 40 (O)Ux dx. (2.4)

Multiplying (2.2) by U,, performing an integration by parts and using the
boundary conditions we get -

a'E(r,U):n

L L
U*d +I FU, d
dt v[o a(x) r 0 ¢ (25)
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Observation 1 The Lemas 2.1, 2.2, 2.3 that will be enunciates, are valid in the
cases

(. F)={(w, 1), (4, £), (4 £}

Let us introduce the following functionals

I(t,U)zJ o (x)UU, dx + = J' a(x)e (x)|U f (x)dx
J(1U) = L U, ¢(x)U, dx
L(t,U)=NE(@U)+I(t,U)+J(1,U)

where

aec’([0,L]), «(0)<0, a(L)>0, a’<0,

geC'(0,L), ¢(0)=¢(L)=0 and ,q satisfying (2.6)

L,
o(x)+ 54 (x)2C>0  and 3 0;>0 such that
aoa(x)—a(x)+%q'(x)2 D>0
The above conditions over ¢ imply that there exists L e (0, LO) such that
a(L*)=0, therefore we have

a(x)+C in - L% L% 6,
q’(X)::[ ) [ ]

—a(x)+C in [0,L*]U[L,+5,,L]

L
such that ¢'€ C(0,L). Since 0<8, <5, taking [, ¢'(x)dx=0.

Lema 2.1 Let a,0,& be as (1.5), (1.4), (2.6) and U be the strong solution of (2.2) -
(2.3) then the following inequalities follows

U)o o) apivfacs [ aivfac [“a@ura )

Proof.- Multiplying (2.2) by ¢&(x)U and integrating over |0, L[, we find that

%%J‘:a( Ja()|Uf dx= J' For(x)U dx ~ J' UU,,dx+cr(0)J.OLa(x)UUudx 2.8)
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Since

j a(x)UU,, dx = J. x)UU, dx - J‘ xX)|U, [ dx 2.9)

sl e

Using (2.9) and @”(x)<0, (2.8) will be

%%J.:a x)a(x)|Uf dx<L Fo(x)Udx - I x)UU, dx - a(o)f:a(x)luxfdx.

Since

% j OLa(x)UU, dx = f OLa(x)|U,]2dx+ j :a(x)UU,, dx

-

Summing up the two above relations our conclusion follows. g

Lemma 2.2 Let a,0,¢ be as in (1.5), (1.4) and [J be the strong solution of (2.2) -
(2.3) then the following inequality holds

dj (t,U) o’(0)
oD

p fluf wne()-luf 010 (0)] 2.10)

=b(1)
[ oWl +o O fas - [ a(x)u,p(x)u,ax

+ L Fo(x)U,dx

for any @e C' (0, L).
Proof.- Multiplying equation (2.2) by @(x)U, and integrating over |0, L[ we
find
oL L
j U, (x)U,dx =0 (0) I *)U,dx - f *)UU dx+f Fo(x)U, dx
0
integrating by parts

2O o fars oot

0

L L
-[ aleuva+ [ Fouar 11
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But

L d L L
JO UHQD (x)dex = E J.O Urquxdx i IO U,(P (x)Ur: dx

integrating by parts

df U,pU,dx + f ()|, [ ax (2.12)

From relations (2.11) and (2.12), our conclusion follows. |

Lemma 2.3 Let a,0,0,q be as in (1.5), (1.4), (2.6) and let us take N large enough,
then there exists § > such that

dLS;U)< SE(t U I F{NU +afx)U+q x)U }dx (2.13)

Moreover, there exist positive constants k, k, such that

kE(1,U)SL(t,U)SKLE(t,U) (2.14)

Proof.- From (2.5), (2.7), (2.10) and since q(O) = q(L) =0 (that is b(t) =0) we
have

dL(t,U)<
a
MNJOLa(x)[L dx—O"(O)LLOC(x) xzdx—% OLq'(x){IU,l2+O"(O) xz}dx (2.15)
_[ x)IU] dx J. de+IL {NU,+a(x)U+q(x)Ux}4x

Let us find some estimates to 1, I,, where I =I;; + 1},

;| - —IOL[Na(xj_a( J+2d(x }]Urdx o (0) jOL{a(x)+%q’(x):|]lezdx
. jL[_&_;f ](rfqy)

!
Il
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Summing up I, with I, we get

L+, < —J‘OLHN—é]a(x)—~O¢(x)+%q'(x)}l[fr]2dx_

o)I [ )]|U| dx+8J. ag*|U.f de.

V"

=l

Since,

I =JLa(x)q2\U |2 dx<| max |qr(x)|2 '[LU \zdx
: Iy * _xeflo'L] )J L *

we can write
oty s =[] (W50 o -0+ o ae- [0 o)1) Juf
_'-:’ O-’(O)[g(;;)-{-éq’(x):hrfxr dx+eM, I ;|Ux|2 dx (216)

where @ and q must satisfy &(x)+14"(x)2C>0 in'[0,L]. Let us take, &

such that € < 3%0' ’(0) and N such that

N>L and {(N—i}a(x)—a(x)+;q( )}>D>0

where,

n 1 7 k-
C = XI'::[E(])’IE]{(X(X)-I-EQ' (JC)JL

i [(¥ -2 Jot) -+ 34 0)

Under the above notations we can rewrite inequality (2.16) in the following way



8 GLOBAL EXISTENCE AND EXPONENTIAL DECAY ...

e L e L L
L4y & ~D 0|Ufdx—(cr’(o)C—eMo) L|Ux|2dx—a’(0)CJ‘0"|Ux]2dx (2.17)
“%

IA
!
.o

.OLIUtIZ dx - (o’(0)C —EMO)“;|UXF dx

_ eM, |1 (F ;
< —ZMH{D,C—FS)}EJ‘O IU‘]2+0' (O)IUdex

We finish the proof of (2.13) using relation (2.17) in (2.15). To show (2.14),
we proced as follows

[apuax| < a2 Wwi+vfar @
L 2 1.
[ e@a@vf (Jas| < fol. 3, 0 2
L 1L, 2 2
'[0 q(x)UxUtdx 4 |qL5‘ . |UI| +|U,| dx. (2.20)

'From (2.18), (2.19), (2.20) we have

JOLa(x)UU,dx +éIOLa(x)a(x)|Ulzdx +J‘:q(x)UxUtdx

V-

1 (L 1 L
< Jal. [ 2uP+uf as+lal 3 [ 10f +[of
.Using Poincare’s inequality we have

|R| “+|u| ax

IN

Ux

UI

il L . 2 2 1 L
]aL"EJ.o 2C, +|U,| dx+|qL°§J.o

< bE(t,U) (2.21)
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where b, is a positive constant. From (2.21) it follows that

0

L L L '
I o (x)UU,dx + % IO a(x)or(x)|Uf ax +J‘ q(x)UUdx<hE(L,U) (222
0
Recalling the definition of L(I, U ) and using (2.22) we arrive at

L(t,U)<{N+b}E(1,U)

:=k2

on the other hand, using (2.21) we get

L(,U)z{N-b,}E(1,U)

=k

Taking N such that N >b, our conclusion follows. W

Let us define the following functional

= “ ”23 or) t ““t (#) Hyl o)t ” )Njil{O,L)

To obtain the global existence result we use the following hypotheses
M(0) "”"0"2 (0,L) "'Hulllir2 (0,L) +“ (0) ”i;l oz < 2

for £ >0 small enough. Since the local solution is continuous it follows that

there exists t, >0 such that
M(t)< €* Vie [0, tﬂ:l
Let us define
--sup{a:1 <d£ [0, tll:},
and let us suppose that 7 * <eo. Therefeore
M(t)< de* Vie[0,T*[. (2.23)

Using Gagliardo Niremberg's inequality we get

u(x1)|<ce. (2.24)
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By the mean value theorem, (2.23) and the continuity of '¢” we have

o’ (u,)- 0" (0)| < e (2.25)
Using Gagliardo Niremberg's inequality and (2.23) we get

|uxx]<csl o |ug|<ce. (2.26)

From equation (2.1) we have

L L
[ N v < 26, [+ uf o 227)

L 5 L 2
[ laf v < 308 [ fwaf +lf +luf ax a9

where

Taking & >0 such that
o’(0)>éc,.

Let us define

L) = L)+ [ o) -0 )]l @
L) = Liu)+ 3 [ To'(w) -0 O)luef a

L(t,u,,)+%IOL[G'(ux)-G'(O):||uxH[2 dx

L)+ L (1) + (1)

L (1)
$(1)

Lemma 2.4 With initial data (1.6) and u local solution of problem (1.1) - (1.5) there

exists positive constants ky and k, such that
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kiE(t,u) < Li(t) S kE(t,u) (2.29)

kiE(tu,) < Ly(t) < kE(tu,) (2.30)

kE(tu,) < Ly(t) < kE(tu,) (2.31)
where

E

k’J_kI ) 20_,1(0)
N
2

[

BEAER=I0)

for € small enough.

Proof.- This result follows easily from relations (2.14) and (2.25). &

Lemma 2.5 Under the same hypotheses of Lemma 2.4, there exists a positive constant
k such that

<—kS(1). (2.32)

Moreover, there exist positive constants ks and kg such that

ks M(t)< S (1) Sk M(2). (2.33)

Proof.-
To show (2.32) we need to estimate the following expression

L
J. F{NU, +aU +qU,}dx
0

where ( { ftz Uy )}
(i) Caso ( ) ( )

jﬁ, J.|:0' (1,)-0 (0):|uudx

oL

-:Jv@%ﬂﬂﬂwﬂ
=— 0 u\ u i dx — j u,xu\dx

o L i ld L , . I L - 2
:—. . c (u‘)uuu\u,dx—é-&;'[ [O‘ (“.1-)_0' (0)] U, EJAU (o} (u_r)u'wlu_r dx
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o’ (u, )l <M and Young's inequality it follows
Mce Mce ,
< [l f e 28 [ Par-2 L [ [o()- 0" (0)]juf
2 1 .d 5 2
< Mce max{m,l}E(t,u)—EEJ.O [:O' (ux)-—O' (O):Huxrdx (234)

From (2.26), (2.27) and Poincare’s inequality we have

IOLfaudeSb3{E(t,u)+ E(t,u,)} (2.35)

where b, is a positive constant. From (2.25) and (2.27) we get

L
J‘  faudxs eb{E(t.u)+ E(1y, )} (2.36)
where b, is a positive constant.

(i) Caso (F.U)=(f.u)

»

J‘ fruﬁdx I )il dx+-’.L[G’(ux)—c’(o)]umu”dx

Using (2.26) we get

I fu, dxm——SJ‘ u +ugdx_{_:I.OL[g'(ux)——o"(O)]um%dx

(2.37)
::vl'l
Performing an integration by parts and using (2.26) we have |
Mce Mce
L2 [ P o P 2 [ P24 [ [0 () - 0(0)]1 Lo @ag)
Sustituting of (2.38) in (2.37), we have
3
J‘ _ﬁu"dx<McE max{m,l} t; t ‘“—2"'&;". [O- ) g (0 :” | dx (239
From (2.26) and Young's inequality we get
L Me L 5 L ,
[ o axsZZelal, [l +luf ax+ [ Tor(w) ] x)udx (2.40)

14,-\
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To estimate [, we make an integration by parts

L =~ [ o) -0’ 0)]a()u}, uax
Zaifs RACALIE T j o (1) 0" (0) o’ (x) s x
_‘ 0 o’ (1)~ 0" (0)Jer (3 e

Using (2.26) and (2.25) once more

Me b i 3 d.r & i (5
o< ol | i+ luf ac Zeler] [ il +fuf e

L 2
clo., | Ju, [ as

(2.41)

Inserting (2.41) into (2.40) we conclude that

L
IO fow, dx < eb {E(t,u)+ E(t,u)} (2.42)
where b is a positive constant. Using (2.26), (2.25) and (2.28) we have that

L
[ g, aes e B(en) + B(e) + () 24)

where b, >0.

(iii) Caso (F, U Y= (it
L ”
J. ﬁrum dx ‘[ qut] uxrurrt dx + .“ o uxnuxxum dx +

2.'.0 0" (u, Yuu umdx+J. [0‘ (O):]umumdx

Using (2.26), |0

2 pL L
SMe [ i+l dxe M 6Z [+l s

L L
Mce IO l t +| Uy | dx + J.O I:G’(ux) - G’(O)]uxxtrurrr dx (2-44)

=k
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Integrating by parts

13 = “'- {l:o ] m}x Uyy
= —. ! O"( )Mumu‘,,dx I [0' ( ]utrrxuxrrdx
e L
= P 0" (u, )u, zztuxrzdx_EZI I:O- .)—0'(0) ]l xft

1 : .,
+§J.GO- (“ xrl xrrlzdx

Using (2.26) we get

13 = MCEJ‘ | xrr’2+|urrt Zdt.[ [O’ |2dx (2.45)

Substitution of (2.45) into (2.44) yields

J‘ fu, < smax{MCE Mc—}J. |u m + |ty |2+[u |2+3| m|2dx
_EEJ. [0"(x,)-0"(0)]] uy [ dx

Using (2.27) e (2.28) we get

J.OLJ;% < eb7{E(r,u,,)+E(r,u,)+ E(1,u)}

T _[ [ ’(O)JI Uzt |2 dx (240

where b, >0. On the other hand, using (2.26), we have

Mce Mce

L | L 2 L
[ ha < [l b dvs ol [l #lufax a7

wtcell [ o+l i+ ()0 (1) =" (0) it




Yolanda Santiago A. & Jaime Muiioz R. 15
Integrating by parts
oL
L == {e()[o () =0 (0) Ju }, s

cL

= - o e o= [ ()~ ()]

_-.OLa’(x)[o'(ux) = G’(O)] w,, dx

Using (2.26) and (2.25) we get

L &
s 8ol [l 4l dv+celal [ g faxe
GE a4 (* (2.48)
27|0: L. J.o |t |2 +|u, |2 dx
Subsititution of (2.48) into (2.47) yields
L L 2
J.o fom, dx < 4864.I0 |umlz+|u“| +|um|2+|umlzdx
Where
MIC q ’
g =ma T|aL,MclaL,cz|aL,E|a|w
Using (2.27) e (2.28) we have
L
J.O S0, dx < eB{E(t,u,)+ E(t,u)+ E(t,u)} (2.49)

for some b >0.

Using (2.26) we get

L M. L
[ fa(ug e < Zoelal [ Tuof +hug s+
S
Meelal, [ i s
Mcs|qLIo g P+t i+

J Lot -o @l flul}e oy,

=I5
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Integrating by parts and using q(O) =q ( L) =0 we get

= -—J. [o* g(x), |um| dx
= 2 0' )i g (x |dx J [0' (O)Jq’(x) u,| dx

From (2.26) and (2.25) we get

I < _5|QL°I

dx+--8|q LJ. || (2.51)

‘m‘

Substitution of (2.51) into (2.50) produces

J.:ﬁq( Y, dx < £c;. I ]uaf+5| uf + |um|2}dx

where

G —max{ |qL Mc|qL

Using (2.27) and (2.28) we get

J‘Lft'tQ( x!tdx = ECS max{ }
’ 2.52)
{E(t u, )+ E(t +E(tu}

Summing up (2.34), (2.35), (2.36), (2.39), (2.42), (2.43), (2.46), (2.49) and (2.52)
we get

ZI { Vi +0 + g, d"<62?’[5(m ———_[ [0/ (,)~ 0" (0)]juf dx~
2a’tI [o/(1) ' (0) Juf “"2_5 J [o( 4] (253)

with the following notations
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]
~

I
:::,:5:

b

S S 2y
1

Uy
U
» Uy =

S

=

2
whes 15, }5:0 are positive constants depending on &, ¢, 0"(0), of the L’ norm

of the functions @,¢,0”,¢’,0"(u,) and 0" (u, ).

Using Lemma 2.3 and (2.53) we have

ds (r \
2 &~ EYI E(t,u) (2.54)
i=0

A 2
where {5 = EY;-}I.zo is positive for £ small enough. From (2.54), (2.29), (2.30),
(2.31) we have

B L{($-on) 100+ (8-en) )+ (6-en) (1)
<-kS(r)

where

From where (2.32) follows. To show (2.33) we need the following estimates
I |mlldx S k7J. | +|ur +l” |2d.x (2.55)
L S 2 2
Nl ar <k |l +lual +lual +lufar @se)
where k, and k; positive constants. This inequalities follows differentiating
relation (2.1) with respect to x and ¢, and using the same above reasoning. From
the definition of S and relations (2.29), (2.30), (2.31) we get
S(t)<k{E(t,u)+ E(t,u)+E(t,u, )}

Then, from (2.55) we can conclude that
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for some k; >0. On the other hand, recalling the definition of S and keeping
in mind relations (2.29), (2.30), (2.31) we have

S() 2k {E(tu)+ E(t,u, )+ E(ru, )}
Using (2.27), (2.28), (2.56) and Poincare’s inequality we arrive at
S(t)2 ks M(2).
for k5 >0. Therefores (2.33) follows. g
Integrating (2.32) from 0 to ¢ and letting t — T * we get
$(T*)<5(0).
Applying (2.33) is follows that
ks M(T*)< S(T*)<S(0)<k M(0),

that is

k :
Taking 4 = 26 . There exists I, > T * such that M(t)<d€2 forany ¢ on [T*TI’)
ks

which implies that there exists I, >T* such that M(t)< de’ for any ¢t in the

interval [0, f ), which is contradictory to the maximality of 7*. Therefore, we
conclude that T * = ee which implies that the solution is global in 7. From (2.32)
we get the exponential decay of S. Using (2.33) we get the exponential decay of

M. The proof is now complete.
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