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ENERGY DECAY OF A LINEAR HYPERBOLIC EQUATION
WITH LOCALLY DISTRIBUTED DAMPING
E. Cabanillas Lapa - J. Bernui - Z. Huaringa

ABSTRACT.- Decay estimates for the energy are derived for a linear
hyperbolic equation with time - dependent coefficients.

1. INTRODUCTION

Let @ a bounded domain in R" (N > 1) having a smooth boundary I' = 0Q.

We fix x, € R". Let a(x,r) be a nonnegative bounded function.
Let us consider the following linear hyperbolic equation.

K(xt) u" - Au + a(x,t) u'=0 in Q=Qx]0T[

u=0 on X = FX]O,T[ (1.1)

u(0)=u, , u'(0)=un on Q
Under the assumptions that K (x,z) 2k, >0, V(x,¢)€ Q and

a(x,t) - l%\—K(x,I) 2¢g, >0,V xew

t

Where () is a neighborhood of T,
I, ={xeTl:m(x).v(x) 20}

being v(x) the unit outward normal at x€ I and m(x)=x- x,, we prove the
exponential decay of weak solutions to problem (1.1).

The case K(x,t) =1 has been studied by many authors: M. Nakao [6]. L.R.

Tcheougoné Tebou [7], P. Martinez [5]. Motived by the above results the authors
of the present work investigated the case with time dependent coefficients.
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2. PRELIMINARIES

The function spaces we use are all standard and the definition of them is unified.
We shall denote the following

(u,v) = J.u(x) v(x) dx, lu|2 = ﬂu(x)r dx

Q

u-:_(?ff_ and R = max ”x - xU"

o1 re

Let us state the general hypothesis

(a1 Kew' (0, (Q)), K'e L'(0, =, [°(Q))
K(x,t)2hy>0,V(xt)eQ

a2) ae W (0. = C(Q)) N W (0,0 7 (Q))
ae L(0, o L7 (Q)), a(xt)2a, >0 in Q

A3) a(xt) - [K'(xt)|zg >0, Vxe 0

We use the following well known lemma without the proof in this paper.

Lemma 2.1.- (Haraux [2]) Let E:[ 0,00 [ — [ 0,00 [ be a nonincreasing locally
absolutely continous funtion such that there are nonnegative constants 3 and A with
[TB@f* dr<a B(s), v 520

Then we have

t

1-
E(0)e 4,V 120,if B=0

E (1)< /B
[A (1 + %H Bif B>0

3. STATEMENT OF THE RESULTS

In this section, we state main theorems.

Theorem 3.1

Let uy€ Hy(Q) N H*(Q) and w, € Hy(Q). Under assumptions (A.1) - (A.3),

for each T > 0, the problem (1.1) admits a unique strong solution
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u: Q% ]0, T[> R such that
uge L7(0. 75 Hy N H?), u'e (0, Ty Hy), u"e (0.7 £(R)) (3.1)

Now, we present a result on stability of strong solutions wich will be extended to weak

solutions .
Theorem 3.2

Let us consider the energy
1 2 1 2
E(t) = EI\/Ku(t)I + S| vu() (32)

Under hypothesis of theorem 3.1, with VK .m 20 VY xe Q the energy (3.2)
determined by the strong solutions u decays exponentially, that is for some constants
¢>0and r>0

E(f)<C E(0) e, Vi20 (3.3)

Proof

First we remark that is sufficient to prove the estimate (3.3) where the initial
conditions verify

{ i, wye (HY(@) N B2 (@) x H(@)
Then an easy density argument give the result for all initial condition in
H(Q) x B(Q)
We verify that (1.1) is a dissipative problem.
Theorem 3.3

Suppose that uy € Hy (Q) , u, € E (Q) and that assumptions (A1), (A2) hold. Then

(1.1) has a unique weak solution U: X ] Q.7 [ — R in the space

c(o, 7; Hy(Q)) N C'(0, T; I (Q))
Furthermore, theorem (3.2) holds for the weak solution u.

Lemma 3.1.-

VO0<S<T<eo: E(S) - E(T)=- J.TJ.(a —é K‘J (u') dx ds
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Proof.-

We multiply (1.1) by ;' and we integrate by parts on £ X [S 5 T], observing first
that

" 1 _1 d .2 1 ¥ 2
(KM ,u)—“z“-d-;|\}KM l —E£K (u) dx
We obtain

J.;(Ku"—Au,u')ds=(%"\/Eu" —|Vu ]

+j j[a——K] 2 dx ds
Therefore

E(T)-E(S) =—j:[[a ~;K‘], (u')szs (34
Remark.- We deduce from (3.4) and (A.3) that
J'T((a—K'),u'z)dssE(S)—E(T) (3.5)
Lemma 3.2.- Let g€ [Wl’“ (sz)] N aeR and { € W (Q). We have the identities

(ku',zq.vumu)]Z+j:i(divq—oc){|\lfu'|z—|Vu|2}dxd:+ (36)
+ [[((a-K") ', 2qVu+ow)de+ [ (VK.qu?)dt

2[ j% % adedt jqu( ) dr dt
(Ku',u)g—jj£§{|ﬁu'\2-\Vu12}dxdr+

- E(uVu,VC)dt+_[;((a—K')u', {u)dr=0. (3.7)

The proof of Lemma 3.2 is based on standard multipliers technique. The interested
reader should refer to Lions [4] or Komornik [3].

Throughout the remaining part of this work positive constants will be denoted by
C and will change from line to line.

In order to prove (3.3) we proceed in two steps.

Step 1. Appliying (3.5) with g(x)=m(x),=n—-1 observing that div (m) =N
and using (3.2) we get
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(Ku',2m.Vu+ (N -1)u jf[]ﬁu —|Vu|]dxdr

+ .[:((a—K') u', 2!11.Vu+(N—l)u)dt+J.:JV K.mn (u')2 dx dt

2
T T
+2[ [|vaf axar = | J.m.v(a—uj dr dt
s S dv
Q r

2 [T E(t)dr=—(Ku',2m.Vu+ (N - 1)u)| -

s §

~[ ((a-K")u, 2m5u+ (N -1)u)dr

—j jVKm u?dxdt+ | jmv( v] dT dt

Since the energy is nonincreasing, using the result of komornik [3], we obtain

i—(Ku', 2m.Vu +(N—1)u)|: ‘SC E(s) (3.9)

I—J'ST((a ~K')u', 2m5u+(N -1)u) de|< CJ';| A0 () R

T
<cE(S)+e[ E(t)ar, >0
S
If follows from (3.8) - (3.10) that
! < R [[2“ zdl“d (3.11)
[lE@ar <cr(s)s Islj(ﬁj r .

To estimate the last term in (3.11) we utilize (3.7) with { =n where

ne W (Q) is a function that
0<n<l1

. 2
n=1 in® : L‘Z'-lenejf"(co)

n=0 in Q\w

and @ is open set in Q with r,co G . First we have from (3.7)
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T ) ; T T P
[ [n (vufax e = (kumu) -js ((a-K')u'nu)dt (3.12)
Q
T T
+.[S jn|JEu"2 dx dt - I (uVu,Vn)di

4 S

Simple calculations, using Young’s ineguality show that
|- (Ku',mu)|, < CE(S) (3.13)

T

\—J';((a-K‘)u‘,nu)drSCE(S)+sfS E(t)dt , €>0 (3.14)

!~I§(uVu,Vn)dt

£CI:I[ u {2 dtdx-f-%f:‘[n ]Vu]ze dxdt  (3.15)
w Q

[ n[nV&e] acar
Q

T 0 :
scfsj[u ? dx dt (3.16)
w
Reporting (3.13) — (3.16) in (3.12), we find
T T
%J‘S [nlvufaasscE(s)+c [(lwf +luf)axa+ @)
Q w

T
+£-[5 E(t)dt, e>0

N
Step 2.- We take a vector field he [Wl'm (Q):l such that

h=vonI,, hv=00nT and h=0 on Q\w

Choosing =0 and q=h in (3.6), we easily deduce

T of du ¥ T T
[ i[ﬁ} dr dt SC[E(5)+IS .{|u'|2+|Vu|2}dxdt+8J.S E(s)dt (3.18)
: w

combining (3.18) and (3.17), we have V & >0

T o 9uY T 'k
Lﬂé‘;} dr dt SC[E(S)+CJ.SJ.|Mlz+|Vu|21dxdr+£J.SE(t)dt . Ve>0 (3.19)
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We conclude that (3.19) and (3.1) that

I;E(’)d‘SCE(S)+CJ:I(Iu'IZ+|Vu|2)dxd: (320)
o)

Now in under to absorb the last theorem of the right hand side of (3.20) we adapt
a method introduced in Conrad and Rao [ 1 ]. To this end, we consider

z(t)e Hy(R) solution of

-Az:x((n)u in Q
z=0 on T

where x((l)) is the characteristic function of ®.

It is easy to verify that z' is solution of the problem

—-Az'=x(w)u' in Q
7'=0 on T

A simple computations gives

|z|sCluly, (3.21)
|2'|<Clu’ (322)
(Vz, Vu)=|ulp, (2.23)

Next, we multiply (1.1) by z, integrate by parts on QX |S,T[ and use (3.23), we
obtain

T Z i T T ' 1 £ 1 1
[ Jluf dvar=—(ku.2)g - [ ((a=K)uz)des+ [ (kuz)ar @29
w
Now, we note that

|(Ku',z)|<CE(S)

J. ((a-K')u',z)dt

J-ST(Ku 5 Z) dt

74
SCE(S)+8J-SE(t)dt . £>0

7 5 T
SCISI|M'| dxdt+sljsE(t)dr , £§>0
w
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We deduce from the last three estimates and (3.24) that

J‘;J.iu’lzddeSCE(S)+SJ;E(I)dt+CJ.;J-IMF dx dt
w

w

Inserting (3.25) into (3.20) gives

ITE(:) < CE(S)+CI§I|L¢'IZ dx di

Thanks to (A.3) we have

(3.25)

(3.26)

T 2 1 T 1 2
[ Jluwfaxas—[ [la--K'|u? axar<cE(s) (27
Sm €p Sm 2

Finally the application of lemma 2.1 implies (3.3). .

The proof of theorem 3.2 is completed.

Remark.- The proof of theorem (3.3) is achieved using a density argument.
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