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EL PROBLEMA DE TRANSMISION CON
COEFICIENTES DEPENDIENTES DEL

TIEMPO CON AMORTIGUAMIENTO
INTERNO NO LINEAL

E. Cabanillas L.! & B. Godoy T.! & J. Bernui B.!

Resumen.- En este articulo consideramos el problema no lineal de trans-
mision para una ecuacion de onda con coeficientes dependientes del tiempo y
amortiguamiento interno no lineal. Se prueba la ezistencia global y se estudia
propiedades de decaimiento de las soluciones. El resultado se alcanza usando
técnicas de multiplicadores y el teorema continuacidn dnica conveniente para
una ecuacion de onda.

Palabras claves: Problema de transmision, coeficientes dependientes del
tiempo, estabilidad. )

THE TRANSMISSION PROBLEM WITH

TIME DEPENDENT COEFFICIENTS WITH
NONLINEAR INTERNAL DAMPING

Abstract.- In this paper we consider the nonlinear transmission problem
for the wave equation with time dependent coefficients and nonlinear inter-
nal damping. We prove global existence and study decay properties of the
solutions. The result is achieved by using the multiplier technique and suitable
unique continuation theorem for the wave equation.
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1. Ihtroduction

In this work, we consider the transmission problem

pruy — (b(z, t)ug)e + fi(u) = 0in ]0, Lo[ x RT (

pavy — (a(2,t)ve)z + g(ve) + fo(v) = 0 in ]Lo, L[ x RT (1.
u(0,t) =v(L,t)=0,t>0 (1.
w(Lo, t) = v(Lo, t), b(Lo,t)us(Lo,t) = a(Lo, t)vz(Lo, ), £ >0 (
u(z,0) = u’(z), w(z,0) = u'(z), z €]0, Lo (
v(z,0) = v%(x), v(z,0) = v'(z), x € |Lo, L] (
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where p;, ps, are different constants, fi, f2, g are nonlinear functions and a(z,t), b(z,t)
are positive functions. Controllability and Stability for transmission problem has been
studied by many authors (see for example J. L. Lions [9], J. Lagnese [7], W. Liu and G.
Williams [10], J. Muhoz Rivera and H. Portillo Oquendo [11], D. Andrade, L. H. Fatori
and J. Mufloz Rivera [1]). E. Cabanillas L and J. Mufioz Rivera [2] considered the problem
(1.1) - (1.6) with b(z,t) = b > 0 and g(s) = as.

The goal of this work is to study the existence and uniqueness of global solutions of
(1.1) - (1.6) and the asymptotic behavior of the energy.

In general, the dependence on spatial and time variables of the coefficients causes diffi-
culties, semigroups arguments are not suitable for finding solutions to (1.1)-(1.6); therefore,
we make use of a Galerkin’s process. Note that the timedependent coefficients also appear
in the second boundary condition, thus there are some technical difficulties that we need
to overcome. To prove the decay rates, the main difficulty is that the dissipation only
works in [Lg, L] and we need to estimate over the whole domain [0, L]; we overcome this

problem introducing suitable multipliers and a compactness/uniqueness argument.

2. Notations and Preliminaries

We denote

(w,z)zfjw(m)z(m)dz, [zl.z':/fiz(:c)lzd:c

where I = )0, Lo[ or |Lo, L[ for u’s and v’s respectively. Now, we state the general

hypotheses.
(A.1) The function f; € C}(R), i = 1,2, satisfy

fi(s)s >0, VvseR

ffj’(s)} <c(l+]s))P7, Vs€R, j=0,1
for some ¢ > 0 and p > 1.

s) = fa(s

/f1L Elde g 58



(A.2) Assumptions on the coefficient a

b, & € Wh*(o, 00; C*(I)) N W2%(0, 00; L=(I))
by, ay € Ll(oa oo; L¥(I))

b(z,t) > bo >0, a(z,t) > ag >0, V(z,t) € I x]0, 00]

(A.3) Let g : R — R be a nondecreasing C! function such that
g(s).s >0, for all s #0

and there exist ¢; > 0, 2 = 1,2, 3,4 such that

csls” < lg(s)] <eals|? , if |s| <1

cls| <lg(s)l Seals|] , if [s|>1
where p > 1

By V we denote the Hilbert space
V ={(w,z) € H (0, Lo) x H' (Lo, L) : w(0) = z(L) = 0; w(Ly) = 2(Lo)}

By E; and E> we denote the first order energy associated to each equation,

B (b)) = %{pl|ut12+(b,u§)+2foﬂ(u3da¢}

s

E() = Ei(tu,v) = E(t,u) + Es(t,v).

1
Eg(t,’l)) = §{p2|vtl2+(a,vi)+2/

We conclude this section with the following lemma which will play essential role when

establishing the asymptotic behavior.

Lemma 2.1 Let E: R} — RJ be a non-increasing function and assume that there erists

two constants p > 0 and ¢ > 0 such that

/' E%—l(t)dtch(s), 0<s<+o0



then we have

2
cE(0)(1+¢t) 77T, forallt >0ifp>1

& &
S =
INIA

cE(0)e!™ | forallt>0ifp=1

where ¢ and w are positive constants.

Proof. See reference [[4] Lema 9.1].

3. Existence and Uniqueness of solutions

First of all, we define what we will understand of weak solutions of problem (1.1) - (1.6).

Definicién 3.1 We say that the couple {u,v} is a weak solution of (1.1) - (1.6) when
{u,v} € L*(0,T; V)N Wh(0,T; L*(0, Lo) x L*(Lq, L))

and satisfies

L

fig E
—p1/0 ul(m)go(as,O)dm-f-pl/; uo(a:)(pt(x,O)dx—pgfL v (x)(z, 0)dx

0

L T Lo
+ 2 f P (@), 0)dz + o ]0 fo (01 4 bl Bapa = Fulu)ep) il

0

T wL
+ ,Ozf / (Vb + alz, )vgthy + g(ve) + fo(v)p)dadt = 0
o Jro

for any {p,¥} € C*(0,T; V) such that p(T) = ¢,(T) = 0 = %(T) = ¢:(T)

In order to show the existence of strong solutions we need a regularity result for
the elliptic system associated to the problem (1.1) - (1.6) whose proof can be obtained,
with little modifications, in the book by O.A. Ladyzhenskaya and N. N. Ural’tseva; ([5],
theorem 16.2).



Lema 3.2 For any given functions F € L?(0, Ly), G € L*(Lg, L), there exzists only one

solution {u,v} of

—(b(z,t)0s)s = F in ]0, Lo|
—(alz, t)ve)s = G in |Lo, L]
w(0,8) = v(L,t)=0
w(Lot) = v(Lort), b(Lo,t)us(Lo) = a(Lo, tJus(Lo)

with t a fized value in [0,T] satisfying

u € H*(0, Ly) and v € H*(Ly, L)

The existence result to the system (1.1) - (1.6) is summarized in the following theorem.

Theorem 3.3 Suppose that {u°,v°} € V, {ul,v'} € L?(0,Ly) x L*(Lo,L) and that
assumptions (A.1) - (A.8) hold. Then there exists a unique weak solutiont of (1.1) - (1.6)
satisfying

{u,v} € C(0,T; V)N CY(0,T; L*(0, L) x L*(Lo, L)).

In addition, if {u®,v°} € H*(0, Lo) x H*(Lo, L), {ul,v'} € V, verifying the compati-
bility condition below

b(Lo, 0)uz(Lo) = a(Lo, 0)v;(Lo)

Then
2

{u,v} € [ W5(0, T, H**(0, Lo) x H**(Lo, L))
k=0

Proof. The main idea is to use the Galerkin Method.



4. Main Result: Exponential Decay.

In this section we prove that the solution of the system (1.1) - (1.6) decay exponentially
as time goes to infinity. In the remainder of this paper we denote by ¢ a positive constant

which takes different values in different places. We shall suppose that p; < py and

b(z,t) = b>o, V(z,t) €]0, Lo[ x |0, 00]
a(z,t) < b, ay(z,t) <0, V(z,t) € | Lo, L] x |0, 00]
ax(z,t) < 0

Theorem 4.1. Take p =1, {u° v’} € V and {u',v'} € L*(0, Ly) x L*(Lo, L) with
then there exisis positive constants v and c such that

E(t) < cE(0)e ™™, Vt > 0.

We shall prove this theorem for strong solutions; our conclusion follow by standard

density arguments.
The dissipative property of system (1.1) - (1.6) is given by the following lemma.

Lemma 4.2. The first order energy satisfies

Edt»El (¢, u, ) = —(g(v), ve) + (ar, v7)

Proof. Multiplying equation (1.1) by w;, equation (1.2) by v; and performing an integra-

tion by parts we get the result.

Let ¢ € C§°(0, L) be such that ¢y = 1in | Ly — 6, Lo + [ for some § > 0, small constant.



Let us introduce the following functional

Lo L
I(t) = / P1U QU AT + / P2V qULdT
0 L

0

where g(z) = .

Lemma 4.3. There ezists ¢; > 0 such that

d L

100 =3 { (02 = )it(E )+ oLt |1 - 2228|224,

L Pl Dostd) = F3a( Do) = é / o i B2 4 A I
0

| Lotd L L Lo
_Z/ avidz+c (f (v +v2) dz + / (v* + g(ve)?).dz + / uzd:z) +eE(t, u,v)
2 s

0 o+46 Lo 0

for any e > 0.

Proof. Multiplying equation (1.1) by qu,, equation (1.2) by 1qu, integrating by parts

and using the corresponding boundary conditions we obtain the lemma.

Let ¢ € C*(R) a nonnegative function such that ¢ = 0 in I5/, = ]Lo — g, Lo+ %[ and

w=11in R\ I and consider the functional

L
J(t):/ p2Uroud.
L

0

We have the following lemma

Lemma 4.4. Given € > 0, there exists a positive constant c. such that

d 1 L Lo+4d L
%J(t) < ﬁ—/ avidz + € [/ avidr + E(t,u;'u)} + CC/ (v} + g(v)* + ) dz
% i L

2 0+4 0 )

Let us consider the following functional



and we take € = ¢€; in lemma 4.4, where €; is the solution of the equation
1
(261 + 1)61 = g

taking in consideration (A.1) in lemma 4.3 we obtain

d 1 & L Lo
—K(t) < —Ey(t,u)—= (av? + 2F5(v)) dz+eE(t, u, v)+cq (/ (v + %) dz + f u2dm)
L 0

dt 8 /., )
(4.1)

Now in order to estimate the last two terms of (4.1) we need the following result

Lemma 4.5. Let {u,v} be a solution in theorem 3.3 Then there erists Ty > 0 such that

if T > Ty we have

/T ; 5 T ) 5 s . T
/ (Jo]” + |u*) ds < € [] (|b1/2um| + | )ds-i—/ a2y ds} +CE/ lv|” ds
s s s g

for any € > 0 and c. is a constant depending on T and €, by independent of {u,v}, for
any nitial data {u® 2%}, {ul,v'} sattsfying E(0,u,v) < R, where R > 0 is fized and
0<S<T<+oo.

Proof. We use a contradiction method. (to see [3].)

Proof of theorem 4.1 Let us introduce the functional
L(t) = NE(t) + K(t)
with N > 0. Using Young’s Inequality and taking N large enough we ﬁnd that
6o E(t) < L(t) < 6, E(t) (4.2)

for some positive constants @y and 6;.

Applying the inequalities (4.1) and (4.2), along with the ones in Lemma 4.5 and

" integrating from S to T where 0 < § < T < oo we obtain

/ " Byt < cB(S).
)



.In this condition, lemma 2.1 implies that
E(t) < cE(0)e"

this completes the proof.

5. Polynomial Decay.

In this section we study the asymptotic behavior of the solutious of system (1.1) -
(1.6) when the function g(s) is non-linear in a neighborhood to zero like s? with p > 1.

In this case we shall prove that the solution decays like (1 + t)~2P—1),

Theorem 5.1 With the hypotheses in theorem 4.1 and p > 1 the weak solution decays
polynomially, i. e.
' E(t) = CE(0)(1 +t)~¥®D vt >0

Proof. From (A.3) and making use of Holder’s inequality, theorem follows.

Remark. If we consider, in (1.2), a linear localized dissipation o = a(z) € C?(] Lo, L),
a(z) =1 in |Lg, Lo+ 8[, a(z) = 0 in ]Lo + 24, L[ our situation is very delicate and we
need a new unique continuation theorem for the wave equation with variable coefficients.

This is in preparation by the authors.
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