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DECAIMIENTO EXPONENCIAL DE UNA ECUACION DE ONDA

CON DISIPACIONES DEBILES NO LINEALES EN LA
FRONTERA Y TERMINO FUENTE

E. Cabanillas L.', Rail M. Izaguirre Maguina?, J. B. Bernui B.' & Z. Huaringa S.!

Resumen: En este esta enfocado en la estabilidad de las soluciones de una ecuacion
de onda con disipacién no lineal débil en la frontera y término fuente. Los resultados
son probados gracias al método de caida de potencial, la técnica de los multiplicadores
v las nuevas desigualdades de integrales.
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EXPONENCIAL DECAY OF WAVE EQUATION
WITH A WEAKLY NONLINEAR BOUNDARY
DISIPATION AND SOURCE TERM

Abstract: In this article, we are concerned with the stability of solutions for the wave
equation with a weakly nonlinear boundary dissipation and source term. The results
are proved by means of the potential well method, the multiplier technique and a new
integral inequality.

Key words: Kirchhoff equation, Source term, Boundary stabilization, Unique
continuation.

1. Introduction
The main purpose of this article is to study the existence of global solutions and the asymptotic

behavior of the energy related to a nonlinear wave equation with nonlinear weakly boundary
damping and source term. Consider the system

Ugs — Uge = fb |u["71 u . in]0,1[ x ]0, +o0|
w(0,1) = 0 CViE>0 i
uy(1,t) = —a(t)w(1,t) y ¥Wit>0 '

u(x,0) =u" (z), w(x,0)=u'(z) . Vze]ol]

where a. b, k are positive constants and ¢ > 1, p € R.
The goal of this work is to state a result of existence and boundary stability of strong and
weak solutions to problem (1.1).
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2. Notations and Preliminaries
We denote

(w,z) = j;_f w(x)z(x)dr |27 = _[;]l |z(2)|* dx

For simplicity, we always use |.

to denote ||,
By V we denote the Hilbert space

Vi={weH (0.1): w(0) =0}
Now, we set

2 1
J(u) = & ual® = 225 Julth)

I(w) = ug|” — p |u|gt;
and define the stable set 1 by

W={uweV:Iu)y>0}u{8}

Consider o : R — R is a nonincreasing function of class C! on R, such that

o0
/ o(r)dr = +o0 [2.1)
0 :
We need the following
Lemma 2.1. Let E R, — R, be a nonincreasing function
and ¢ : Ry — R, is a increasing function of class C? such that
¢(0) =0, P(t) — 400 ast — 400 (2:2})
Assume that there exists p > 1 and A > (0 such that
+2<
/ E®N2(1) ¢ (0)dt < AE(S), 0<S <400
g
then

E(H) < { cE(0)ev*® Vit >0, ifp=1

cE0)(1+ 6(t)) @D ¥t >0, if p=1 (2.3)

where ¢ and w are positive constanuts independent of the initial energy E(0). m
Next by setting

E(t)= E(u(t)) = 3 L (D)) + J(u(t))

we obtain the main result
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3. Global Existence and Exponential Decay

Theorem 3.1. Suppose that ¢ > 1 and pu > 0. If «* € WnH*0,1) w' €V  werifying the
compatibility condition

u?(l) +o(0)ul(l) = (j

and

.mﬁ o1 [20¢+1) (a-1)/2 . N

then the problem (1.1) admits a global solution u = u (x,t) satisfving

u e L ([0, +o0[; W N H*0,1))
us € L ([0, +00[; V) (3.2)
uy € L™ ([O, +OG[ : L2(0, 1))

Furthermore, the energy determined by the solution w has the following decay rate
E () < Cpe™ (3.3)

where Cy, and vy are positive constants .
Proof. We shall employ the Galerkin method. Let {w; }jil be a complete orthonormal system of
V such that

{u® u'} € Spam {0, w'}

We define as is usual, the approximate solutions

m

T (L) =2 Zgj:.m (Qwy; me=1,2,...
j=1

where g;.m, (j = 1,2,....,m) are defined by
(upr () ,w;s) + (ug* (8) ywjz) + o()ue(l, oy (1)+
41 (|um]q~1 Um-w_j) =40 2 0K j <m

u™ (2,0} = WP(2), " (@ 0)y=uaMz) (3.5)

Then the system (3.4) - (3.5) has a unique solution u™ on some interval [0,7,,[ with
0 < T, < 4oc. The estimates to follow permit us to extend the solution u™ to the whole interval
0.+ and take the limit in (3.4)-(3.5).For sake a simplicity,henceforth,we will write u instead
of u™,
Estimative I.- Let us multiply equation (3.4} by .‘J;'.m(’) and summing up the product result
m j.we arrive at
d

—E"(t) +o(t) lw (1. 1)) = 0.. ; (3.6)
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Integrating from 0 to t the above relation.it follows that

E™(t) + / a( ) |u(1, )[2(1’ = E™(0) =:E(0) RL

S0

In particular £(t) is nou-increasing on [0, +oc[ and
E™(t) < E(0) (3.8)
Now ,to obtain a priori estimate ,we need the following result

Lemma 3.1. Let u(t) be a solution to the problem (3.4)-(3.5) with u® € W and u' € L?(0.1).
If a < 1 then u(t) € W,that is.for allt € [0,T]

I{u(t)) >0
Proof. From the continuity of u(#) and since u® € W it follows that

I{u(t)) = 0 (3.9)

for all ¢ belonging to some neighborhood of ¢t = 0. Let T4 be a maximal time where (3.9)
holds on [0, Tax] - Then,from (3.9) we deduce that

J(u(t)) = %Iuw(tﬂ? ~ gfl—_ll Ju(t)[ !

24 e e,

= g1 )+ g0y e =
(g=1) ., a2 . ,

> 2T 1) |ug (t)] on [0, Thax!

Consequently,having in mind that E(t) is a non-increasing function,we get

. 2(¢+1)
(1) < 1) J(u(t))
< 2((;_+ 11))E(1_L(1‘.)) (3.11)
2(g+1

2g.t1) on [0, Ty
=1 PO on [0, T

It follows from the Sobolev-Poincaré inequality,the hypothesis and (3.8) that

1t |u|:j“ < pCt! }u._,(f)rfﬂ =/ |u.r(t‘)|(”71 : |u<(.(1‘f)-|2 ;
. 2 ] ] . (g—1)/2 ) .
< ,:cf;ﬁ..} { ((q’/jl; Em)} N ()P (3.12)

< Ju O on [0 Tl

From (3.11) and (3.12) we obtain
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g+1 2 T . ‘
| i [u]{il & Ol om0, Tl (3.13)
Therefore we get  I(u(t)) >0 on [0, T
This implies that we can take Toac = T This completes the proof of lemma 3.1 "

Using Lemma 3 ,we can deduce a priori bound

E(t) = ; e (8)[2 + J(u(t)

1 2 (q 2 s
2 5 lu(t)l G (u(t)) CES t)] (3.14)
> F o + g lut
Thus
L 2, (g—1) we (D)2 tJ " 2
3 1O + 3 F + | o) w1, )Pd < EQ) (3.15)

To obtain the next estimate ,we use the differentiated equation of standard way.,it is easy
and we omit details. m

Now ,we prove the decay rate of the energy.

From now on .,we denote by c various positive constants which may be different at different
occurrences. We multiply the first equation of (1.1) by 2E"¢'zu,, where ¢ is a function satisfying
all the hypotheses of Lemma 1. We obtain:

/ E"¢'( uy — ,u]u|q ty 22, )dt = 2E ¢ (uy, wus) |s
_2/ (E¢" + rE’"“E’qﬁ’)(ut,mugr)dtJr/ E¢ Ju,(t)Pdt (3.16)
S ]

T
/E’"(b 1tdf+/ E"¢uldt
S

—/ E"¢'u (l,t)dtVQ/ E"¢ (plu(t)|” " w(t), zu,(t)) dt
S S o

Then ,we get

T : T
/ Etl¢ldt = 2/ (E"¢" + rE" " E'¢") (u, zu, )dt
S S

T g
—2E7¢ (uy, Tus) | +/ Erélu (1, t)dt —I~/ Eré'ui(l,t)dt (3.17)
s s
& o 2.“ : r .7 q+1
+2 [ E° (pfu(®)] ul(t), 2un(t)) dt — E"g }u L dt
/S q+1
But
(e u(t), 2w ()| < - ful?)]3, lua(t)]

< )]0 00 (1) 0 < 0 < 1
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where we have used the interpolation inequality and the fact
that |u(t)|. < C, lu.(t)] V »r

[rom Young inequality .we have for all € > 0, that

[(Ju()| " ut), aug(t))] <€ e ()] + ek Jua(t)]? (3.18)

where k = [E(0)]0HD 222004 g Gipilarly,we obtain

|U|gii < €E(t) + e |u(t)]? (3.19)
Now ,using (4.12)-(4.13),(3.17) and the boundary condition we get

T T
51] Egldt < 2/ (E"¢" + TE"'E'¢) (wy, T )dt
S s
.
—2E" ¢ (w, wuz) |§ —|-/ Er¢lul(1,t)dt (3.20)
JS

,».r- T -
; [ Erdlo(tpad(1, t)dt + & / B¢ |u(t)?dt
S JS

Our main now is to estimate the last term of (3.20).In order to obtain it,let us prove the
following result ,where Tj is a positive constant which is sufficiently large.

Lemma 3.2. For all T > Ty ,there exists C' > 0 independent of the initial data,such that the
solution w of (1.1) satisfies

T T
/ lu(t)|? dt < C/ uy (1, )| dt ' (3.21)
JS S

for0<S<T<+x
Proof. We will argue by contradiction. m
Define

o(t) —/O- o(7)dr (3.22)

It is clear that ¢ is a nondecreasing function of class C* on Ry and the hypothesis (2.1)
ensures that

@(t) — 400 ast — +00
From (3.20)-(3.22) .taking r = 0 we deduce that :
-
/ E¢'dt < cE(S)
J
and thanks to Lemma 1 we arvive at

E(t) < CE(0)e™e®

Thus .the proof of theorem 2 is completed. m
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