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Uniform Boundary Stabilization of Quasilinear Wave Equation with
Nonlinear Boundary Damping and Source Term
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Resumen: En este trabajo nos refiriremos a la existencia de soluciones fuertes y
decaimiento exponencial del total de energia para el problema de condiciones iniciales
asociados con la ecuacién de onda cuasi-lineal con una fuente no lineal, bajo el supuesto
de que la velocidad en la frontera es disipativa. Los resultados son probado por el
método de pozo de potencial, la técnica de multiplicadores adecuada y el teorema de
la continuacién tinica para la ecuacion de onda con coeficientes variables.
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Uniform Boundary Stabilization of Quasilinear Wave Equation with
Nonlinear Boundary Damping and Source Term

Abstract: In this work we are concerned with the existence of strong solutions and
exponential decay of the total energy for the initial boundary value problem associated
with the quasilinear wave equation with nonlinear source, under the assumption that
the velocity boundary feedback is dissipative. The results are proved by means of
the potential well method, the multiplier technique and suitable unique continuation
theorem for the wave equation with variable coefficients.
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8 Uniform Boundary Stabilization of Quasilinear Wave Equation

1. Introduccidn:

In this paper we study the global existence and the asymptotic behavior of solutions for the
quasilinear wave equation

i (a + b/ﬂl ugdm) Use = pu|" ' u in JO, 1[xRY, (1)
u(0,t) =0, >0, (2)

(a - b/gl uﬁdm) uz(1;1) = —g(w(1,6)), >0, (3)
u(z,0) = u¥(z), w(z,0)=1ul(z), =z€]0,1] (4)

where a, b, are positive constants,q > 1 ,u € R and g is a suitable continuous function.

When b = 0 = ;1 the above equation has been widely studied. For n > 1, a = a(t) and Milla-
Medeiros (6] showed the existence and uniqueness of strong and weak solutions for the problem
(1)-(4) .Araruna-Maciel [1] proved the existence an boundary stabilization of the semilinear
problem,with a nonlinear function h instead u|u|" "« such that

sh(s) <0

More recently Cavalcanti et al[3] studied the existence and uniform decay of solutions of (1)
(4) subject to a nonlinear feedback acting on the part I'; of the boundary I' = ToU Ty In
the quasilinear case (i.e. : a,b > 0) with ¢ = 0 Milla Miranda- Gil Jutucal7|, Lasiecka-Ong [5]
,Cavalcanti et al. [4] ,Ono [8] Tucsnak [9] have studied the problem (1)-(4).

The goal of this work is to state a result of existence and boundary stability of strong solutions
to problem (1)—(4)

1. Notation and statement of results

We denote

Wi fo et e d el T fo ' (o)

For simplicity,we always use |.| to denote |.|,
By V we denote the Hilbert space

V ={we H'(0,1) : w(0) = 0}.

Now, we set

a 2 b 4 H +1

J(u) =5 |uz|” + 7 [l = 7+l luliiy
2 1
I(u) =alug|” — pfuli;

and define the stable set W by
W.a{fwel I{u)y>0}ufs}

The energy related to problem (1)—(4) is given by

B(t) = B(u(2)) = 5 ) + T(u(t)
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. Let g : R —+ R be a continuous,monotone, increasing function such that g(s).s > 0 for all s # 0
and
ms® < g(s).s < Ms? Visj21, 0<m<M.

We assume that

, QW%[(q+U J/Z 16C, M2 (g + 1)Co
max Co : = ;
ay la(g—1) a*y a(g—1)

2uqCe? [2(q+1> ]@‘”’2 4pbCe {:z(qu)c]("“)”}
0 0

val/2(g —1) [a(g — 1) a3 ?y(g+1) la(g—1)
1
<% , for K >3 (5)

where C, is the constant of the imbedding V — L%(0,1) — L%+1(0,1) and Cy,7 are positive
constants in (16).
We define the function on initial data

F (2], ul,], ul]) = |u1|+mll JPeplice |°|§ii (6)

where m; = a + ib((;”ll)) E(0)

To get the global existence and regularity for the system (1)—(4) it is natural to deal first with
the local existence and uniqueness.In fact,we have the following local result,whose proof is routine
and is based on fixed point arguments(See [5] adapted our case)

Teorema 1.1. Suppose that the initial data v° € VN H?(0,1), u! € V satisfy the compatibility
condition ‘

at+b [ [l ds D +gu'(1)=0 | (7)
QUAEED

Then there exists a number T (0 < T < 400 ) such that the problem (1)—(4) has a unique
solution u on [0,T'] with the regularity

u € C ([0, T, V'n B0, L)e (o, T[, Vyri 2 ([o,T[, L*0,1)) ©

2. Global Existence and Exponential Decay

Let T,, be the maximal existence time of the solution to the problem (1)-(4).We begin with
a basic inequality for a local solution u(t) on [0, T),[-

Multiplying ((1) by wu,
th( )+ g (w(1,1)) w(l,2) = 0. (8)
and integrating from 0 to ¢ , we get

t
E(t) + / g (ue(1,8) u(1,t)ds = E(0)
0
In particular E(t) is non-increasing on [0, 7,,[ and
E(t) < E(0) (9)

for all t € [0,T;,[.
Now ,to obtain a priori estimate ,we need the following result



10 Uniform Boundary Stabilization of Quasilinear Wave Equation

Lema 1.1. Let u(t) be a solution to the problem (1)—(4) with v’ € W N H%(0,1)and u' € V. If

(a-1)/2
a=Eom [ME(O)} <1 (10)

a”* alg—1)

then u (t) € Wion [0, T3,[ .
Prueba. Suppose that there exists a number ¢* € ]0,7,,[ such that u(¢) € W on [0, u(t*)
¢ W.Then we have

I(u(t*)) =0 and u(t*) #0 (11)
Since u(t) € W on [0,t*[, it holds I(u(t)) >0 on [0,¢*]. Then, we deduce that
_ O (O — Py
J(u(t)) = |uz(t)| + 7 lua(t)] | Iu(t)lqil
_ a(g —1)
= Ej“lf(u(f))"‘ml ua(£)° + = |”U»:c(t|
> Gl o o]
Consequently,having in mind that E(t) is a non-increasing function,we get
L@ < ZEERI) (12)
2(g+1)
< 2 s
< 20tV poy on 0,¢]

a(g—1)

It follows from the Sobolev-Poincaré inequality,the hypothesis and (9) that

I ol
plu@iy; < uCi ug(t)" = ~ lua(t)* "alua(?)]”

IA

B ogtt [ 2(g+1) Gl s 2
e [_""_'a = 1)E(0)} alus(?)| (13)

< alu(t)® on [0,]
From (12) and (13) we obtain
plu®)fi < alua(®)’ on [0,¢]

Therefore,we obtain
1
I(u(t")) = alue(t")* — plu(t)|5] >

which contradicts to (11).Thus we conclude that u () € Won [0, Tm[. =
We shall state our main result
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Teorema 1.2. Suppose that ¢ > 1 and p > 0. If v®> € W H?0,1) u! €V wverifying the
compatibility condition (7) and

_ g |20g+ 1) -
o = ECE+ [mE(O):l <1. (14)
F(Jul)], ula], [ud]) < 22 (15)

K
with 0 < g9 < 1,then the problem (1)-(4) admits a global solution u = u (z,t) satisfying

u € L* ([0, +oo[; W N H?(0, 1))
ue € L ([0, +00[; V)
uy € L™ ([0, +oo[; L*(0,1))

Furthermore, the energy determined by the solution u has the following decay rate
E (t) S Coe_”t

where Cy, and -« are positive constants .

Prueba. Let wu(t) be a unique solution of the problem (1)-(4) in the sense of theorem (1.1) on
(0, T} [ .-We shall show that this solution can be continued to 7,, = +o00. For this it suffices to
derive appropriate apriori estimates including second order derivatives of w (¢) and to obtain it
we will assume the following lemma to be proven later. m

Lema 1.2. For a local solution u(t) of (1)-(4) on [0,Ty[,it holds
E (t) < Coe™. (16)
First of all, we suppose that {u°,u'} are more regular ,e.g. they satisfy
w’ € WNH*0,1),42, € V,u' € VN H*0,1)

(a6 [ 18l o) w20+ g(ut 1) =

ul (1) = (a+b/ |u0| dm) {Qg’(ul(n)—lbfolugu;dmg(l)+p,|u°(1)]"lu“(l)
—g'(u! (1)) Muy(1)

If (1) is divided by
B(t) = a+blug(t)]*

and the expression resultantly is differentiated with respect to t,it yields

1 B (t) B'(t)

S o P 2=, _ 91,
Multiplying equation (17) by u and integrating, we get
d g'(ue(1,¢)) - lﬁl(t) 2, kB(2)
EEH(t) + W |Utt(1,t)| = Zﬁg(t) |u“(t)] + Wut(l,t)uﬁ(l, f)
(18)
-1, ,uﬁ'(t) g-1
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where

H(t) = 1ﬂ)l+lmﬂuf

25’(

Making use of the generalized Holder inequality,observing that 95—;1 - 2171 + % = 1, considering the
Sobolev imbedding we have

| (@)1 we(t), ua(®) | < B lgg fuae()lag e (2)]

< O g ()] Juas(8)] e (8))] (19)
and
| ([ (), ue(t))| < (), lua ()] < CF fua ()] Jue(t)] (20)
Combining(18) and (19)-(20) we deduce
d 23/25 Z(Q+1 2 )2 H ()3
16C, M? (q+1) 2 paCi 120+ )V i
a®  afg— I)E(t)H(t) +{ al/? [a( ] il
2ubC? [2(qg + 1) e (g+1)/2 ‘

On the other hand,by using the original equation ((1) together with the compatibility conditions
on the boundary,we get

(ug(0),v) = (a +b fug|2) (udy,v) + p (|’u0|q_1 uo,v) YveV
Since u® € H?(0, 1), the Sobolev’s imbedding implies

e (0)] < M |ug, | + pC |u

where my =a+ ib(gﬂl)}E (0). Thus ,we obtain

| (0))” i | (0)” 2 _Tfﬁl

.’-LC 10|2q
28(0) = 2a

| b

and from definition of H(t) it follows that

1 1
H(0) < 5 [uh]* + = (m? [u|* + uC2 [ul]) . (22)
Our next goal is to show that H(t) is bounded for all t greater or equal to zero.Actually,we will
prove that

H(t)<e forallt>0 (23)

where ¢ is defined in (15).In fact,suppose that (23)is not true.Then it will exists a ¢* > 0 such
that
H(t)<e , forall0<t<¢*
(24)
H(t*) = €p
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If (21) is integrated from 0 to t* we get

2325 [2(g+1) 1Y% a0 [
H(t*) < H(0 el
SHER L a [a(q—l)co} = /o 5 °

9 t* -] (q_l)/z t*
n 160*M (q iy 1)6062 / 6‘*’)‘Sd8 + {,[chg [2((] + 1) C{]:| / ef-ys(qfl]/2d8
0 0

a® alg-1)"° al’? |a(g—1)
2ubCY [2(g +1) @V /t* —ys(q+1)/2
: . d 25
-+ pye [a(q— 1)(:0 : e S ¢ € (25)

By using the function F' defined in (6) and the estimate (22 ) in (25) yields

. 2% [2(¢+1) 1"
HE) < F (R o) Jut) + 220 | 200

16C.M? (g +1)eo 5, [ 2ugC [2(q+1) 1977 26)
b :
@y alg—1) " \7a2(q-1) |alg— D
4pbCe [2g+1) letly/2
: €
@y(g+1) lalg-1)" ’
Combining (5) and (15) with (26),we obtain
H(t*) < €
which is a contradiction with (24)s,therefore we reach our aim (23).
From definitition of H(t) ,we conclude
1 2 1 2
Gy lug (B)]° + 5 luze(t)]° <e  foralt>0 (27)

From (27),system (1)—(4),the classical elliptic theory and trace theory ,we get
[u(t)lgz < C lluee(t)] + [ua (£)]] < Ceo

Then,we conclude that the local solution u(t) with u(0) = u® ,1,(0) = ¢! exists in fact on [0, 00|
and it satisfies all of the above estimates on [0, co[. The proof of theorem is now finished.

Proof of Lemma (1.2) The method used here is based on the contruction of a suitable
Lyapunov functional and a new continuation theorem for the wave equation with variable
coefficients. Multiplying equation (1) by zu, we get

9 )0 (®) = ~ 5 (1O + (@ + blus () O] +
2 [0, 0) + (a blua()?) w21, 0)] + 1 (O u(), (1)) (28)

But

| (@I u(®) 2u(0)]| < Ju(®)f3, lua(®)]
[u®)ly ™ C () 0 < 0 < 1 (29)

IA
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where we have used the interpolation inequality and the fact that |u(t)|, < Ci |u.(¢)] ¥V r. From
Young inequality ,we have for all € > 0, that
|(|u(t)|‘;’_1 u(t), ;Euz(t))| < e |u(t))? + ek |ua (2))? (30)
(04+1)—2
where k = (E(0))=t=oa 0%,
Now, using (28)-(30) and the boundary condition ,we get

& 00, 70.0) <= £ [l + (54 210 ) o]

2
- % (1 + MT) uZ(1,t) + ce [u(t)|]® + eE(t) (31)

1 M?
<-—F —(1+—)ul 2
-3l (t)+2( + a)ut(l,tHcslu(t)l

for some ¢y > 0.
Our aim now ,is to estimate the last term of (31).In order to obtain it,let us prove the following
lemma.

Lema 1.3. There exists Ty > 0 such that if T > Ty,

T T
f lu(t)|?dt < C / (Jue(1,6) % + |g(ue(1,8))]*) dt (32)
S S

for0<S<T <T,, whereC is a positive constant independent of u

Prueba. We will argue by contradiction.Let us suppose that (32) is not verified ,and so there
exists initial data ©*? and w»*! such that the solution u” of

ul, — [a+ b (u;)zda:] Upw = p[w?]" w* , in]0,1[ % 0, 4o00[ -

w(0,8) =0 CViE>0
1 2 (33)
[a+ b} (u2) dz] up(1,8) = —g(u(L,1)) , Y¢>0
w{z,0) =uP(z), u(z,0)=u"(z) , Yz €]0,1]
where u¥ satisfies
T i
/S ()2 dt > v /S (I (1, + lg(ut (1, £)) ) d (34)

for any v € N. Here, we observe that in our work,in view of « < 1 ;the energy of the initial
data {u*°, u*'} ,denoted by E¥(0), remains uniformly bounded in v ,that is there exists M > 0
such that F¥(0) < M , Vv € N. Consequently E“(t) < M Vv € N, since it is nonincreasing
function. Then we obtain a subsequence, still denoted by {u”} ,which verifies

u¥ — u weakly * in L*°(0,T;H'(0,1))
u? — u, weakly * in L*(0,T;L?(0,1))
u/(1,.) — u(1,.) weak in L?(0,1)

Applying compactness results we deduce that
u” — u strongly in L* (0,7 L*(0, 1)) (35)

and
u?(1,.) — wu,(1,.) strongly in L*(0,T) (36)
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According to (35) we have that
|| Y — | e ae  in ]0,1[x 0,7

From the above convergence and since the sequence {|u“|qwl u“} is bounded in L2 (0,T; L2 (0,1))
we conclude by Lion’s lemma that

WP e — [uf' u weakly in L% (0,T;L?(0,1)). (37)
The term fg |u”(t)[* dt is bounded since E¥(t) < M, Vv e N,V ¢ >0 and [u’(t)* < C'E*(t)
where C’ is a positive constant independent of » and ¢.Then from (34)
T
/ (Ju (1, 6)] + |g(ur (1, 8))[°) dt — 0 as v — +00
s
As S is chosen in the interval [0, T[,we have
T
/ |ut"(1,t)[2dt—>0 as v — 400
0
and
g
/ (Jg(us (1, t))|2) dt — 0 as v — 00
0
Besides,from the uniqueness of the limit we conclude that
u(1,t) =0 and g(u(1,t)) =0 (38)
Passing to the limit in (33),when v — 400 we get for u
gy — @+ b A2(t)] tpe — pu)" =0 ‘
u(0,t) =0 ; (39)
1 (LE)=0 , agll,t) =10 ;

where lim,_ i fol (u¥)*dz = M*(t) ,by the Ascoli-Arzela Theorem and the boundedness of
E*(t) (for a subsequence {u*} still denoted by {u"}).
Let w = w;. Then
Wy — EO)Wee = q|ul" w + %((t—t))wt ~ L‘E%(jt-l lu|'" u = F(t)
w(0,t) = 0 = w(l,1t) : (40)
we(1,8) =0

where £(t) = a + bA%(t).

Now,we shall prove a unique continuation property of the problem (40) . It is easy to see that the
equality (28) can be applicable to the solution w = u; of the problem (40),in place of u .Hence
,using the boundary conditions,we obtain

d Co
E(wt(t)rxwr(t)) < —ZEl(t) -+ (F(t)vxwx) (41)

where Ey(t) = £ (Juu(t)]” + £(t) [uae(8)[?) -
Here ,we observe that Q(t) = (w(t), zw.(t) verifies

q@Ei(t) < Q(t) < qiEx(t) (42)
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where ¢o and ¢ are positive constants, go < ¢;. Thus ,using (42) we have

T 15
Ewm+c;4 Eﬂmﬁgc(EﬂD+A W@NWA@MQ

Tﬁmﬁgcawﬂ-me%f
[, swase(aws [rora)

where E1 (t*) — meStST El(t)
Here,we have

and hence

ot [t
™ ] < o o < € a0 2 < PO ED

Further,by the equation we see
E(t) lua(t) < Cr (Jua(®)] + luae(t)] + [ua()]) e (t)

with some C; > 0,we obtain

(1 — _C_j_l,E(O) g-1) /2) lug(8)] < C;l (Juee ()] + uze(2)])

Thus,under a little more stronger assumption than (10)

a+aE(W*W<1

we get
[us (t)] < CE;(¢)

Then

|2

[lu@®"  u@)|” < Jul®) |2" < C¥ |uy (1) < CE(0)77! |uy(8)]

< CE4(t)

Furthermore,by the assumptions, we have

£'(t) ) !
z@‘\ : aui‘%‘m|—[““f< H a»ﬂm\/g Ul 0

2b B {Q(Q—i—l)

1/2
1/2
< 2Ol o) < 2 | P EO)] e

on [0,7,,,[ . Then we have from (43)-(48)

: Ei(t)dt <c (El(t*) + €0 /OT El(t)dt)

(44)

(45)

(48)
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taking ey small we arrived at the inequality

[ " Bu(t)dt < CuBy (1)
0

for a certain constant Co > 0 . Taking T > Ty = Cy weobtain FEi(t)=0 ,0<t<T
,which implies u(z,t) = u(z) ,independent of ¢. So,the original problem (39) implies

alun(t)* < plulfiy

But, this contradicts the lemma 1.1 if u # 0 .Here we observe that we may assume T, > Tj.
Otherwise,we get the results by (9). Let us assume that u = 0 . Defining

o i v
)\Exf u’|? ds , (at) == E\w’t) v DSERT (49)
S v
we have that A, — 0 and :
T
/ |z|*ds = 1 . (50)
S
Besides
- v 1 v v
E*(t) = E(2(t)) = §Iz¢ @) + J(2(2)
< Lror+ Lizor+ 21z
— 2 L 2 T 4 T
< L @P + o @ + 2 (o) (51)
= 2A2 ¢ = Dt .
Then
~ 1 /fg+1
174 < et o S o 17
Fo<y (L) e 52
Also

Bo > j{mor+ 2 zor o)

,\ig (Z;—i) E¥ (1), | (53)

On the other hand,applying inequality (31) to the solutions {u”} ., we have

v

d d
S K (1) = 2 (uf, 2ug) < 8 E*(t) + Cy (luy (1, )] + ce [u” ())

then integrating over [S.T] ,we obtain

T

T
K*(T) + 50/ E”(t)dt < K¥(S) + 03/ (Iu,’:’(l,it)f2 +c; |u”(t)|2) dt
5 s

Since KV satisfies
qFE"(t) < K*(t) < ¢ E”(1)
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for some ¢g, ¢; > 0,and recalling that EY is a decreasing function ,we get

T
BY(T) + (50——)/ E‘"(t)dt<()’/ (e (L, 8)% + [ (8)2) dt (54)
Dividing both sides of (54 ) by A2  applying inequalities (52),(53 ),(34) and taking T large

enough,we conclude that E¥(T") is bounded.
From (8),integrating over [¢,T] C [S,T)]

PO =20+ [ gl o) w9

Dividing both sides of this inequality by A?> ,we have

E”(t) kil 1
(1,
2 q _1 / lug (1, s } ds
From (34) we deduce that
Jim_ ﬁf (1, ) Fds=0 - (55)
and consequently,there exists M > 0 such that
E¥(t) .
e =M

forall ¢te€[S,T] and v € N.
From (52) it comes that N A
E'ty<M, tel5T],ve N

then in particular, for a subsequence {z"}, we obtain

z¥ — z weakly * in L*(0,T;H'(0,1))
2V — z weakly * in L*(0,T;L?(0,1))
z¥ — z strongly  in L%(0,T;L?(0,1))

In addition {z*} satisfies

o~ [a+ by () da) 22, = p | 2
2(0,£) =0 (56)
[a+bf0 u?) dm} %(1,8) = —g (2/(1, 1))
From (55),we obtain (for S = 0)
2/(1,.) — 0 in L*(0,T)asv — +00 (57)
In addition, using the same idea as in [2] we prove
plu’|T 22 — 0 in L*(0,7;L*(0,1)) asv — 400 (58)
Passing to the limit in (56) as v — +o0, taking (58) and hypothesis on ¢ into account we have
2t — &(t)2p, =0

2”(0,t) =0
zo(Lit) = 0 = Z/(1, 1)
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Repeating the above procedure in the case u # 0, taking i = 0, we get z = 0 which contradicts
(50).

So, lema 1.3 is proved. =

Now, we consider the functional

Q(t) = E(t) + e(w(t), zuq(t))
with € > 0.We observe that Q(t) satisfies
PE(t) < Q) <@ E(t) (59)

Then ,from (8),(31),integrating from Sto T, 0 < S < T < oo, using (32),(59) and choosing € > 0
sufficiently small,we obtain

/ " Byt < CE(S)
S

which proves lemma 1.2. =
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